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Abstract: Skeletons are widely used shape descriptors which summarize the general form of
binary objects. There exist numerous skeletonization techniques that produce various
skeleton-like features for the same object. Despite of the fact, that some researchers have
made efforts to compare skeletons and evaluate skeletonization algorithms, we propose a
new similarity measure that is based on the concept of normalized distance maps. In
addition, a novel method for the quantitative comparison of skeletons is also presented. The
reported method uses a high resolution dataset containing pairs of elongated objects and
their expected skeletons. Our method is validated with the help of generalized
morphological skeletons driven by neighborhood sequences. Based on the proposed
method, we compared and ranked nineteen existing 2D thinning algorithms.
Keywords: skeleton; comparison of skeletons; generalized morphological skeleton;
neighborhood sequences

1

Introduction

Skeleton is a region-based shape descriptor which represents the general form of
objects. It plays important role in various applications in image processing and
pattern recognition. The skeleton of a 2D continuous object can be defined as the
set of the centers of all maximal inscribed (open) disks [1]. A disk is maximal
inscribed if it is included in the considered object, but it is not covered by any
other inscribed disk.
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Skeletonization means a process for producing an approximation to the skeleton of
a discrete/digital object. There exist various skeletonization techniques that
produce different skeleton-like features for the same object [2]. For example
Németh and Palágyi presented 21 new algorithms in a single paper [3].
Some researchers have made efforts to compare skeletons and evaluate 2D
skeletonization algorithms [4] [5] [6] [7]. They proposed some similarity measures
between two skeletal sets that do not take the original elongated objects into
account. The only exception is the measure of reconstructibility [5], but it may
view numerous sets of points as “best” skeletons of an object. This is why we
propose some new types of similarity measures that are based on normalized
distance maps.
In this paper we propose a novel method, for the quantitative comparison of
skeletons. The two key components of our method are a specific similarity
measure for skeletons and the created gold standard image database containing 55
pairs of reference 2D images and their expected skeletons. The proposed method
is validated with the help of generalized morphological skeletons driven by
comparable neighborhood sequences. According to our experiments, the reported
method can be used for evaluating arbitrary skeletonization algorithms.
Note that, our first attempt at this was published in a conference paper [8]. In that
work the generalized morphological skeletons driven by neighborhood sequences
were compared by using a small test database (containing just ten pairs of images)
and we applied a similarity measure that ignore the original images.
The rest of the paper is organized as follows. Section 2 provides a method for
creating a gold standard image database for comparison of skeletons. In Section 3,
we propose some new similarity measures to give to the distance between two
kinds of skeletons extracted from the same object. Section 4 reports the
generalized morphological skeletons are combined with neighborhood sequences,
furthermore we validate the proposed method with the help of generalized
morphological skeletons driven by comparable neighborhood sequences. Section 5
compares 19 existing 2D thinning algorithms. Finally, we round off the paper with
some concluding remarks.

2

Creation of Gold Standard Images

In this section a technique is reported for creation of gold standard images that are
suitable for quantitative comparison of skeletons. It involves the following steps:
1) The selection of base images
2) The creation of reference skeletons
3) The generation of reference images
These steps will now be described in more detail.
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Selection of Base Images

We collected 55 high resolution binary images of different shapes. Here the
selected images are called base images. Note that there are some collections of
binary images (say the Kimia 216 dataset), but they contains rather small
silhouettes with several thin parts. Hence all skeletonization algorithms are
obliged to produce similar results for those images.

2.2

Creation of Reference Skeletons

Skeletonization algorithms need to take the following requirements into account:




Force the “skeleton” to retain the topology of the original image (i.e.,
skeletonization must be a topology-preserving reduction [9])
Force the “skeleton” to be in its geometrically correct position (i.e., in the
“center” of the object)
Produce a minimal structure (i.e., the desired “width” of the “skeleton” is
one point)

Our aim was to create the kind of reference skeletons from the base images that
would meet these three conditions. In order to fulfill the first requirement, we
extracted a topologically correct raw skeleton from each base image using the
topology-preserving thinning algorithm AK2 [10]. These raw skeletons may
include some unwanted side branches. So as to satisfy the other two conditions,
raw skeletons were corrected. This pruning process could be performed
automatically [11], but we edited the 55 raw skeletons manually. As a result, our
reference skeletons satisfy all of the three conditions listed above.
Note that method for generating reference skeletons from the base images is not
significant, since any topologically correct skeletonization algorithms would do.

2.3

Generation of Reference Images

It must not be assumed that a reference skeleton is the expected skeleton of the
corresponding base image. Hence we constructed reference images to replace base
images.
The first step is to calculate (error free) Euclidean distance maps from the white
(i.e., non-object) points of base images, where each element p has a value that
gives the Euclidean distance to the nearest white point [12] [13]. The Euclidean
distance map is defined as follows:
𝐷𝑀𝑤𝐵𝐼 (𝑝) = min𝑞∈𝑤𝐵𝐼 𝑑𝐸 (𝑝, 𝑞),

(1)

where wBI and 𝑑𝐸 (𝑝, 𝑞) denote the set of white points in base image BI and the
Euclidean distance between points p and q, respectively. Note that DMwBI is stored
in an array of floating point numbers.
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(f)

Figure 1
Creating a pair of reference skeleton and reference image. A 115×90 base image of an elephant (a); its
raw skeleton (b); Euclidean distance map calculated from the white points of the base image (c);
reference skeleton (d); the reference image (here we used the raw skeleton) (e); the difference image
(i.e., “base image” XOR “reference image”) (f).

The set of object points RI in the reference image is generated as follows:
𝑅𝐼 = ⋃𝑝∈𝑅𝑆 ∆𝐸 (𝑝, 𝐷𝑀𝑤𝐵𝐼 (𝑝))

(2)

where RS is the set of skeletal points in the corresponding reference skeleton,
DMwBI is the Euclidean distance map calculated from the white points in the base
image BI, and ∆E(p,r) denotes the “best” discrete approximation to the Euclidean
disk of radius r∈ℝ centred at point p∈ℤ2, that is,
∆𝐸 (𝑝, 𝑟) = {𝑞 | 𝑞 ∈ ℤ2 , 𝑑𝐸 (𝑝, 𝑞) ≤ 𝑟}

(3)

In other words, the generated reference image RI is the union of disks that are
centred at skeletal points in RS and the radii of these disks are determined by using
the Euclidean distance map DMwBI .
Figure 1 provides an illustrative example of creating a pair of reference skeleton
and reference image. One may say that the procedure of reference skeleton
construction introduces a strong bias. These reference skeletons are subjective
indeed. That is why we do not consider reference skeletons as expected ones of
the base images. Reference images paired with reference skeletons differ from the
corresponding base images (see Figure 1f). We assumed that the reference
skeleton RS is the expected discrete skeleton of the reference image RI. Note that
it is not guaranteed, that for each p∈RS, disk ∆E(p,DMwBI(p)), is a maximal
inscribed one in RI, but we insist that reference skeletons satisfy all the three
conditions for skeletonization methods.
All of the 55 pairs of reference images and reference skeletons, are available at
https://www.inf.u-szeged.hu/~gnemeth/compskel/

– 126 –

Acta Polytechnica Hungarica

3
3.1

Vol. 13, No. 7, 2016

Similarity Measures for Skeletons
Existing Similarity Measures

If we have a gold standard (i.e., reference skeleton images associated with
reference images of elongated objects), then measuring the goodness of skeletons
produced by an algorithm seems to be a fairly simple task. Numerous measures
have been proposed to define the similarity/distance between two sets of points [4]
[5] [6].
Let us consider the frequently applied Hausdorff distance between two (arbitrary)
sets of points P and Q, which may be defined as follows [14]:
𝐻(𝑃, 𝑄) = max{ max𝑝∈𝑃 min𝑞∈𝑄 𝑑𝐸 (𝑝, 𝑞), max𝑞∈𝑄 min𝑝∈𝑃 𝑑𝐸 (𝑝, 𝑞) }, =
max { max𝑝∈𝑃 𝐷𝑀𝑄 (𝑝) , max𝑞∈𝑄 𝐷𝑀𝑃 (𝑞) }

(4)

where DMP(q) denotes the value of the Euclidean distance map calculated from
the set of points P at position q.
In our first attempt, we sought to make a comparison of the skeleton S (extracted
from a reference image) with the corresponding reference skeleton RS using the
similarity measure H(S,RS), but it did not work. Just one salient point (like an
endpoint of an unwanted line segment) in S may determine H(S,RS), hence it is
not a fair assessment of a method.
Lee, Lam, and Suen [5] proposed a sophisticated similarity measure between two
skeletons P and Q which is defined by the following Formula (5):
𝐶(𝑃, 𝑄) = (

1

#(𝑃)

∑𝑝∈𝑃

1
𝐷𝑀𝑄 (𝑝)2 +1

+

1
#(𝑄)

∑𝑞∈𝑄

1
𝐷𝑀𝑃 (𝑞)2 +1

)/ 2

(5)

where #(P) denotes the number of points in set P.
Similarly to the Hausdorff distance and others proposed in some studies [4] [5]
[6], measure C does not take into account the original (elongated) object. Hence
we do not regard these similarity measures as acceptable for evaluating skeletons.
Skeletons should be treated as special kinds of sets of points.
Lee, Lam, and Suen [5] proposed an additional measure that takes the original
object into account. This measure of reconstructibility is defined by the formula
𝛼(𝑆, 𝐼) =

#(⋃𝑝∈𝑆 ∆𝐸 (𝑝,𝐷𝑀𝑤𝐼 (𝑝)))

(6)

#(𝐼)

where S is a “skeleton” of object I. The measure takes values from the interval
[0,1], since ⋃𝑝∈𝑆 ∆𝐸 (𝑝, 𝐷𝑀𝑤𝐼 (𝑝)) ⊆ 𝐼. They say that: α(S,I)=1 means that S is
identical to the “best” skeleton of image I. Unfortunately, this is not always the
case. There is no guarantee that an Euclidean disk included in I and centred at
𝑝 ∈ 𝑆 with radius ∆𝐸 (𝑝, 𝐷𝑀𝑤𝐼 (𝑝)) will be a maximal inscribed one. One can
construct various sets of point S⊆I such that ⋃𝑝∈𝑆 ∆𝐸 (𝑝, 𝐷𝑀𝑤𝐼 (𝑝)) = 𝐼. In
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addition, it is not hard to see that α(I,I)=1 (for any object I), but an elongated
object may not be treated as the “best” skeleton of itself.
Note that Couprie and Bertrand [15] also proposed some measures (i.e.,
spuriousness factor, reconstruction error, thickness factor) between 3D curveskeletons, however these measures can be calculated in a complex way
furthermore do not consider the thickness of different parts of objects. In addition,
their approach does not yield a fully automated method.
Sobieczki et. al. [16] [17] also investigated some similarity measures to compare
3D mesh-contraction-based curve-skeletonization algorithms. Unfortunately, they
assumed mesh representation, hence their method cannot be applied for pixelbased images.
Some shape matching algorithms are based on skeletal graphs. Skeletal graphs are
derived from 3D curve-skeletons or 2D centerlines in which endpoints and
junction points represents the set of nodes/vertices, and there is an edge between
two nodes if the corresponding pixels/voxels are connected by a skeletal path.
These methods consider pruned skeletons (i.e., some unwanted branches are
removed [11]), and they are based on some time consuming graph matching
methods [18] [19] [20] [21] [22]. Unfortunately, the similarity measures that are
used in graph matching methods are not skeleton-specific ones, they assume
general sets of points, and do not take the original object into consideration.
Note that chamfer matching [23] [24] could also yield a similarity measure, where
the query and the target contours are the two skeletons to be compared.
Unfortunately, the original object would be also ignored, and chamfer distances
are to approximate the Euclidean metric with integers (or rational numbers).
Despite the wealth of previously proposed similarity measures, we looked for new
ones. It should be mentioned that in our previous paper [8], we applied five kinds
of similarity measures which also ignored the original objects.

3.2

Distance Map Normalization

From the results of our experiments, we came to realize that not every skeletal
point is equally important (i.e., positioning error of a certain size in a “thin” part is
much more serious than the same error in a “thick” segment). This is why we
propose a normalized distance map which is defined as:
𝐷𝑀𝑆,𝑤𝐼 = 𝐷𝑀𝑆 /(𝐷𝑀𝑆 + 𝐷𝑀𝑤𝐼 )

(7)

where S is a set of skeletal points that is extracted from the image I by a
skeletonization algorithm. (Note that “/” and “+” merely denote the point-by-point
division and addition of two arrays of floating point numbers which have the same
size, respectively.) Figure (2) shows normalized distance maps for five kinds of
skeletons (see Section 4).
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RI

𝐷𝑀𝑅𝑆,𝑤𝑅𝐼

𝐷𝑀𝑆𝑆(𝑅𝐼,<1>),𝑤𝑅𝐼

𝐷𝑀𝑆𝑆(𝑅𝐼,<2>),𝑤𝑅𝐼

𝐷𝑀𝑆𝑆(𝑅𝐼,<1,2>),𝑤𝑅𝐼

𝐷𝑀𝑆𝑆(𝑅𝐼,𝒜𝑜𝑝𝑡 ),𝑤𝑅𝐼

Figure 2
A reference image RI (see Fig. 1e); the corresponding normalized distance maps of its reference
skeleton RS (see Fig. 1d) and the four kinds of skeletons shown in Fig. 5

It can readily be seen that the following three properties hold:




3.3

0 ≤ 𝐷𝑀𝑆,𝑤𝐼 (𝑝) ≤ 1 for each point p∈wI
𝐷𝑀𝑆,𝑤𝐼 (𝑝) = 0 if and only if p∈S
𝐷𝑀𝑆,𝑤𝐼 (𝑝) = 1 if and only if p∈wI

A New Similarity Measure Based on Normalized Distance
Maps

Let us consider the following measure between a skeleton S of image I and a
normalized distance map 𝐷𝑀𝑆,𝑤𝐼 :
𝐷𝑎𝑣𝑔 (𝑆, 𝐷𝑀𝑆,𝑤𝐼 ) =

1
#(𝑆)

∑𝑝∈𝑆 𝐷𝑀𝑆,𝑤𝐼 (𝑝)

(8)

We are now ready to introduce a new similarity measure that is recommended for
comparing two skeletons:
𝐴𝐴𝐼 (𝑆1 , 𝑆2 ) = (𝐷𝑎𝑣𝑔 (𝑆1 , 𝐷𝑀𝑆2,𝑤𝐼 ) + 𝐷𝑎𝑣𝑔 (𝑆2 , 𝐷𝑀𝑆1,𝑤𝐼 )) /2

(9)

where S1 and S2 are two skeletal sets of points that are extracted from the same
image I (S1,S2⊆I). In addition the following three properties hold for the similarity
measure AA (for any S1, S2, and I):




0 ≤ 𝐴𝐴𝐼 (𝑆1 , 𝑆2 ) ≤ 1
𝐴𝐴𝐼 (𝑆1 , 𝑆2 ) = 𝐴𝐴𝐼 (𝑆2 , 𝑆1 )
𝐴𝐴𝐼 (𝑆1 , 𝑆1 ) = 0
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We should stress here, that the smaller value means a better similarity between the
two skeletons in question.

3.4

Goodness of Similarity Measures

Consider two skeletonization techniques T1 and T2 that produce skeletal sets of
points T1(I) and T2(I) for image I. Suppose that it is known that T1 is better than T2
(i.e., T1 can produce more reliable skeletons than T2). Let (RI,RS) be a pair of
reference image and its reference skeleton.
We say that the similarity measure SM is reasonable for (RI,RS) if
𝑆𝑀𝑅𝐼 (𝑇1 (𝑅𝐼), 𝑅𝑆) ≤ 𝑆𝑀𝑅𝐼 (𝑇2 (𝑅𝐼), 𝑅𝑆)

(10)

The purpose of our experiments was to show that the proposed similarity
measures is reasonable. The question is: How to find such comparable
skeletonization techniques T1 and T2?

4
4.1

Validation
Comparable Skeletons

In this section a new family of skeletons called sequence skeletons are introduced.
These skeletons are not competitive with others produced by some existing
skeletonization algorithms but we can validate our comparison method with the
help of them.
Mathematical morphology, developed by Matheron and Serra [25], is a powerful
tool for image processing and image analysis. Its operators can extract relevant
topological and geometrical information from images by using structuring
elements (i.e., geometric templates to probe some properties of interest) of various
shapes and sizes. We use the fundamental concepts and notions of mathematical
morphology as reviewed by Gonzalez and Woods [26].

4.1.1 Neighborhood Sequences and their Disks
The aim of this subsection is twofold. First, notions and results related to
neighborhood sequences and the derived discrete distances will be reviewed in
brief. Second, the disks corresponding to the neighborhood sequences will be
formally expressed in terms of dilations (i.e., fundamental morphological
operations) [26].
We will now present some basic notions and results concerning neighborhood
sequences.
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Let n,m ∈ ℕ with m ≤ n. Two points p=(p1, …, pn) and q=(q1, …, qn) in ℤn are said
to be m-adjacent if both of the following conditions are satisfied:



|𝑝𝑖 − 𝑞𝑖 | ≤ 1 (𝑖 ∈ {1,2, … , 𝑛})
∑𝑛𝑖=1|𝑝𝑖 − 𝑞𝑖 | ≤ 𝑚

Note that these relations are reflexive and symmetric. In the case of n=2 (i.e., the
2-dimensional orthogonal grid), 1– and 2–adjacency relations are often referred to
as 4– and 8–adjacencies, respectively [9].
The sequence 𝒜=<A(1),A(2),…> is called an nD–neighborhood sequence if
A(i)∈{1, 2, …, n} for all i∈ℕ. If for some t∈ℕ, we have A(i+t)=A(i) for all
i∈ℕ, then the neighborhood sequence 𝒜 is called periodic with period t. For
simplicity, let 𝒜=<A(1),…,A(t)> stand for a periodic neighborhood sequence
having a period t.
Let 𝒜=<A(1),A(2), …> be an nD–neighborhood sequence. The sequence of
points <r0,…, rl> (rj∈ℤn, j∈{0,…, l}) is an 𝒜-path of length l (l ≥ 0) from point p
to point q if p=r0, q=rl, and rj−1 and rj are A(j)-adjacent for all j (j∈{1, …, l}).
Let d𝒜 (p, q) stand for the 𝒜-distance between two points p and q. It is defined as
the length of the shortest 𝒜-path(s) between p and q.
As we are considering 2D binary images, we shall now examine 2D neighborhood
sequences. According to the definitions above, 2D–neighborhood sequences may
contain two kinds of elements, namely “1” and “2”. Notice that distances d<1>,
d<2>, and d<1,2> correspond to cityblock, chessboard, and octagonal distances,
respectively [27]. It can readily be seen that there exist an infinite number of
possible neighborhood sequences. The trick is to choose the neighborhood
sequence which gives the best approximation to the Euclidean distance. The
existence of the best approximating neighborhood sequence was proved in [28].
This non-periodic sequence is:
𝒜𝑜𝑝𝑡 = < 2,1,1,1,2,1,2,1,1,2,1,1, . . . >

(11)

Let dE(p, q) represent the Euclidean distance between the two points p and q in ℤ2.
A natural partial ordering relation “≼” can be defined for 2D–neighborhood
sequences 𝒜1 and 𝒜2.
If |d𝒜1(p, q) − dE(p, q)| ≤ |d𝒜2(p, q) − dE(p, q)| (for any two points p and q), then
𝒜1 ≼ 𝒜2 (i.e., 𝒜1 is better than 𝒜2).
The following conditions hold for the four neighborhood sequences under
comparison [28]:
𝒜𝑜𝑝𝑡 ≼ < 1,2 > ≼ < 1 >
𝒜𝑜𝑝𝑡 ≼ < 1,2 > ≼ < 2 >

(12)
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Figure 3
Sample disks corresponding to the cityblock, chessboard, and octagonal distances of radii up to 4. The
points denoted by a “0” are the origin and each point denoted by r≤k belongs to a disk of radius k.

<1>

<2>

𝒜𝑜𝑝𝑡

<1,2>

Figure 4
Approximations of the Euclidean disk of radius 96 (represented as a black circles) considering four
neighborhood sequences <1>, <2>, <1,2>, and 𝒜𝑜𝑝𝑡 .

𝒜𝑜𝑝𝑡 ≼ < 1,2 > ≼ < 1 >
𝒜𝑜𝑝𝑡 ≼ < 1,2 > ≼ < 2 >Let us consider the discrete distance d𝒜 based on the
neighborhood sequence 𝒜. The corresponding discrete disk of radius k (k=0,1, …)
centred at the origin 𝒪 is defined by
∆𝒜 (𝑝) = { 𝑝 | 𝑑𝒜 (𝒪, 𝑝) ≤ 𝑘 }

(13)

Figure 3 shows some discrete disks derived from the three periodic discrete
distances d<1>, d<2>, and d<1,2>.
It is well known that the neighborhood sequences <1> and <2> (which are
composed of only one kind of adjacency relation) are diamond–shaped and
square–shaped, respectively, and we can get various octagon–shaped discrete
disks if both relations are combined.
In order to get discrete disks based on neighborhood sequences in terms of
dilations, we will assign structuring elements to adjacency relations.
Let us consider the m-adjacency in ℤ2 (m=1,2). The structuring element Y(m) for
the m-adjacency is defined by:
𝑌(𝑝) = { 𝑝 | 𝑝 ∈ ℤ2 such that 𝑝 is 𝑚-adjacent to 𝒪 }

(14)

Since m-adjacency is a reflexive and symmetric relation over ℤ , the structuring
element Y(m) contains the origin and it is symmetric, i.e., if p=(p1,p2)∈Y(m), then
−p=(−p1,−p2)∈Y(m).
2
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It can readily be seen that the discrete disk ∆𝒜(k) can be expressed in terms of
dilations (denoted by “⊕” [26]) as follows
{𝒪}
∆𝒜 (𝑘) = {
∆𝐸 (𝑘 − 1)⨁𝑌(𝐴(𝑘))

if 𝑘 = 0
otherwise

= (… ({𝒪}⨁𝑌(𝐴(1))) ⨁ …) ⨁𝑌(𝐴(𝑘))

(15)

Approximations of Euclidean disks with the structuring elements (or discrete
disks) derived from four kinds of neighborhood sequences are illustrated in
Figure 4.

4.1.2 Generalized Morphological Skeletons Driven by
Neighborhood Sequences
The skeleton of a discrete binary image can be characterized via morphological
operations. In this section first the conventional morphological skeleton that just
uses one structuring element will be reviewed. Then we will focus on the
generalized morphological skeletons that are driven by neighborhood sequences.
The 2D morphological skeleton S(X,Y) of a discrete set of points X⊂ℤ2 (i.e., object
points in a 2D binary image) determined by a structuring element Y consists of the
centers of all maximal inscribed discrete disks of radius k (k=0,1,...) [26]. With
this approach, the structuring element Y is assumed to be the unit disk (i.e., a disk
of radius 1) and the discrete disk Yk of radius k is derived from Y by successive
dilations:
{𝒪}
𝑌 𝑘 = { 𝑘−1
𝑌 ⨁𝑌

if 𝑘 = 0,
otherwise

= (…
⏟ (({𝒪}⨁𝑌)⨁𝑌) ⨁ …)⨁𝑌

(16)

𝑘−times

A point p∈X is the center of a maximal inscribed discrete disk of radius k
(k =0,1,…) if p∈X⊖Yk and p∉(X⊖Yk+1)⊕Y , where “⊖” denotes the erosion (i.e.,
a fundamental morphological operation that is dual to dilation) [26].
For this reason, the morphological skeleton MS of a set X determined by a
structuring element Y is defined by:
𝑀𝑆(𝑋, 𝑌) = ⋃𝐾
𝑘=0 𝑀𝑆𝑘 (𝑋, 𝑌)
𝑘
𝑘+1
= ⋃𝐾
) ⊕ 𝑌]
𝑘=0(𝑋 ⊖ 𝑌 ) − [(𝑋 ⊝ 𝑌

(17)

where K is the radius of the largest inscribed disk. In other words,
𝐾 = max { 𝑘 | 𝑋 ⊖ 𝑌 𝑘 ≠ ∅ }

(18)

According to the formulation defined by (17) and (18), the morphological skeleton
is the union of the disjoint skeletal subsets, where MSk(X, Y) contains the centers
of all maximal inscribed disks of radius k (k=0,1, ..., K). An interesting property of
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the morphological skeleton is that, a set X, can be exactly reconstructed from the
K+1 skeletal subsets:
𝑘
𝑋 = ⋃𝐾
𝑘=0 𝑀𝑆𝑘 (𝑋, 𝑌) ⊕ 𝑌

(19)

The main limitation of a morphological skeleton is that its construction is based on
“disks” of the form Yk. If the chosen structuring element Y=Y(m) (m=1,2) (see
(14)), then the discrete disk Yk=∆<m>(k) (see (15)). Discrete disks Yk=∆<1>(k) and
Yk=∆<2>(k) do not give “good” approximations to the Euclidean disks (see Figure
4), hence we suspect that morphological skeletons are probably not “close” to the
expected skeleton.
In order to reduce the shortcomings of the conventional morphological skeleton,
Maragos proposed generalized morphological skeleton transforms that allows us
to use varying structuring elements in different steps [29]. In his approach, the
structuring element Yk (i.e., a discrete disk of radius k, see (16)) can be replaced by
{O}⊕Y1⊕. . .⊕Yk, where <Y1, …, Yk> is the prefix of length k of an arbitrary
sequence structuring elements (k = 0, 1, …).
These generalized morphological skeletons can be combined with neighborhood
sequences
by
using
the
sequence
of
structuring
elements
< 𝑌(𝐴(1)), 𝑌(𝐴(2)), … > which are related to the neighborhood sequence
𝒜 =< 𝐴(1), 𝐴(2), … >.
This sequence skeleton makes use of discrete disks ∆𝒜(k) (k = 0, 1, …) (see (15)).
The sequence skeleton SS of a X⊆ℤ2 driven by a neighborhood sequence 𝒜 is
defined by
𝑆𝑆(𝑋, 𝒜) = ⋃𝐾
𝑘=0 𝑆𝑆𝑘 (𝑋, 𝒜)

(20)

where
𝑆𝑆𝑘 (𝑋, 𝒜) = (𝑋 ⊝ Δ𝒜 (𝑘)) − [(𝑋 ⊖ Δ𝒜 (𝑘 + 1)) ⊕ 𝑌(𝐴(𝑘 + 1))]

(21)

and K is the radius of the largest inscribed disk; that is
𝐾 = max { 𝑘 | 𝑋 ⊝ Δ𝒜 (𝑘) ≠ ∅ }

(22)

With this formulation defined by (20) and (22), the sequence skeleton is the union
of disjoint skeletal subsets, where 𝑆𝑆𝑘 (𝑋, 𝒜) contains the centers of all maximal
inscribed disks ∆𝒜(k) (k=0, 1, . . . ,K).
It is easy to see that in the 𝒜=<m> case (m=1,2)
𝑆𝑆(𝑋, 𝒜) = 𝑀𝑆(𝑋, 𝑌(𝑚))

(23)

thus the conventional morphological skeleton is a special case of sequence
skeletons. Some illustrative examples of sequence skeletons are given in Fig. 5.
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𝑆𝑆(𝑋, < 1 >) = 𝑀𝑆(𝑋, 𝑌(1))

𝑆𝑆(𝑋, < 2 >) = 𝑀𝑆(𝑋, 𝑌(2))

𝑆𝑆(𝑋, < 1,2 >)

𝑆𝑆(𝑋, 𝒜opt )

Figure 5
A 115 × 90 image of an elephant and its sequence skeletons driven by four kinds of neighborhood
sequences. Notice that the first two sequence skeletons are also conventional morphological skeletons.

The reconstruction formula from the sequence skeleton SS(X,𝒜) is analogous to
(19), hence:
𝑋 = ⋃𝐾
𝑘=0 𝑆𝑆𝑘 (𝑋, 𝒜) ⊕ ∆𝒜 (𝑘) .

(24)

This means that like the conventional morphological skeletal subsets, the subsets
of the sequence skeleton also fully represent the original set of points [29] [30].
Next, note that the connectivity of the conventional morphological skeletons and
sequence skeleton is not guaranteed (i.e., these skeletons are not connected and
topologically correct for numerous connected objects).
It is known that the non–periodic neighborhood sequence 𝒜opt (see (11)) provides
the best approximation to the Euclidean distance and the Euclidean disk [28].
Hence we can assume that SS(X, 𝒜opt) is the best sequence skeleton for any X (i.e.,
it gives the best approximation to the expected skeleton).

4.2

Validation with Sequence Skeletons

In this section we validate the proposed method for the quantitative comparison of
skeletons with the help of neighborhood sequences.
We examined our gold standard image database, containing 55 pairs of reference
images and reference skeletons, the four suggested similarity measure AA, and the
four metrical neighborhood sequences <1>, <2>, <1, 2>, and 𝒜opt (see (11)).
For each pair of (RI, RS) we calculated the followings:


The four sequence skeletons driven by the four neighborhood sequences
in question:
S1 = SS(RI, <1>)
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S2 = SS(RI, <2>)
S3 = SS(RI, <1, 2>)
S4 = SS(RI, 𝒜opt) (see (20))
The five normalized distance maps corresponding to the reference
skeleton and the four sequence skeletons:
̅̅̅̅̅𝑅𝑆,𝑤𝑅𝐼
𝐷𝑀
̅̅̅̅̅𝑆 ,𝑤𝑅𝐼
𝐷𝑀
1
̅̅̅̅̅
𝐷𝑀𝑆2,𝑤𝑅𝐼
̅̅̅̅̅𝑆 ,𝑤𝑅𝐼
𝐷𝑀
3
̅̅̅̅̅𝑆 ,𝑤𝑅𝐼 (see (7) and Fig. 2)
𝐷𝑀
4

The four values of similarity measures:
AARI(S1,RS)
AARI(S2,RS)
AARI(S3,RS)
ARI(S4,RS) (see (9))

All the measures for the 55 pairs of reference images and reference skeletons, are
presented in the following website:
https://www.inf.u-szeged.hu/~gnemeth/compskel/
Observe that a smaller value in a row, means a better similarity of the sequence
skeleton and the reference skeleton.
We know that 𝒜opt≼<1, 2>≼<1>,<2> (see (12)), hence the following inequalities:
𝑆𝑀𝑅𝐼 (𝑆𝑆(𝑅𝐼, 𝒜𝑜𝑝𝑡 ), 𝑅𝑆) ≤
𝑆𝑀𝑅𝐼 (𝑆𝑆(𝑅𝐼, < 1,2 >), 𝑅𝑆) ≤
𝑆𝑀𝑅𝐼 (𝑆𝑆(𝑅𝐼, < 1 >), 𝑅𝑆)
should hold for a reasonable similarity measure SM, for each pair of reference
image and reference skeleton (RI,RS) (see (10)). We should add that the similarity
measure AA satisfies it for high resolution images (in the case of Kimia dataset the
image resolution is too low to measure big differences), hence, it is judged a
reasonable similarity measure. Note, as well, that none of the five types of
similarity measures applied in our previous paper [8] are reasonable.

5

Results

In this section we compare and rank nineteen thinning algorithms. The similarity
measure AA has been computed for the 4×55=220 morphological skeletons driven
by the four neighborhood sequences <1>, <2>, <1,2> and 𝒜𝑜𝑝𝑡 . In each case,
𝒜𝑜𝑝𝑡 provided the best result.
Evaluation is based on three different ranking methods:
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1) Sum of ranks: For each test image, the similarity measure AA has been
calculated and the algorithms have been sorted according the AA value.
The scores have been summarized for each algorithm. The winner has the
lower score value. Table 1 summarizes the result according to this
ranking method.
2) Sum of AA values: The score of an algorithm has been computed as the
sum of AA values for each test image. The winner algorithm has the
lowest score. Table 2 shows the result according to this ranking.
3) Tournament: In a competition two algorithms play matches for each test
image. If an algorithm is better (i.e., has a lower AA value) for more
images than the other one in a competition, then it wins 1 point. In the
tournament, the algorithms plays competitions pairwise. The best
algorithm wins the most competitions. Table 3 presents the result of this
ranking.
According to the our quantitative and fully automated comparison with the three
types of rankings, we can state, that the 2*2-subiteration parallel thinning
algorithm SI-<NE,SW,NW,SE>-E3, proposed by Németh Kardos and Palágyi
[31], is the best choice, among the nineteen thinning algorithms compared.
Conclusions
A novel method for quantitative comparison of skeletons was presented herein.
The proposed method is based on a new similarity measure and a gold standard
2D image database, containing pairs of reference images with elongated objects
and their expected skeletons. Our method is validated using generalized
morphological skeletons, driven by neighborhood sequences. According to the
experiments, the proposed method can be used for evaluating arbitrary 2D
skeletonization algorithms. Based on our method, the quantitative comparison of
nineteen 2D thinning algorithms were presented, as well. In future work, we plan
to extend our method to evaluate 3D skeletonization techniques.
Table 1
“Sum of ranks” method
Rank
1
2
3
4
5
6
7
8
9
10
11
12

Algorithm
SI-<NE,SW,NW,SE>-E3
SI-<NE,SW,NW,SE>-E2
BM99
H89
SI-<NE,SW,NW,SE>-E1
GH92C
GH89A1
FP-E3
FP-E2
PAV81
EM93
FP-E1

Ref.
[31]
[31]
[32]
[33]
[31]
[34]
[35]
[31]
[31]
[36] [37]
[38]
[31]

– 137 –

Type
sub iteration-based
sub iteration-based
fully parallel
fully parallel
sub iteration-based
fully parallel
sub iteration-based
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel

Sum of ranks
for each image
535
547
916
1235
1268
1344
1656
1685
1701
1862
1965
2071
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14
15
16
17
18
19
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AK2
SI-<N,E,S,W>-E2
SI-<N,E,S,W>-E3
ZSLW
SI-<N,E,S,W>-E1
RUT66
CWSI87

[10]
[31]
[31]
[39]
[31]
[40]
[41]

fully parallel
sub iteration-based
sub iteration-based
sub iteration-based
sub iteration-based
fully parallel
fully parallel

2131
2965
2965
3146
3570
4267
4759

Table 2
Sum of AA values” methods
Ran
k
1
2
3
4
5
6
7
8
9
10
11
12
13
14
16
17
18
19

Algorithm
SI-<NE,SW,NW,SE>-E3
SI-<NE,SW,NW,SE>-E2
SI-<NE,SW,NW,SE>-E1
BM99
H89
PAV81
GH92C
FP-E3
FP-E2
EM93
AK2
GH89A1
FP-E1
SI-<N,E,S,W>-E3
SI-<N,E,S,W>-E2
ZSLW
SI-<N,E,S,W>-E1
RUT66
CWSI87

Ref.

Type

[31]
[31]
[31]
[32]
[33]
[36] [37]
[34]
[31]
[31]
[38]
[10]
[35]
[31]
[31]
[31]
[39]
[31]
[40]
[41]

sub iteration-based
sub iteration-based
sub iteration-based
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel
sub iteration-based
fully parallel
sub iteration-based
sub iteration-based
sub iteration-based
sub iteration-based
fully parallel
fully parallel

Sum of AA values
3.3108
3.3122
3.7920
3.8911
4.0083
4.0200
4.0210
4.0587
4.0602
4.0604
4.1016
4.1181
4.1665
5.1786
5.1786
5.3166
5.7857
6.9958
9.0067

Table 3
“Tournament” methods
Rank
1
2
3
4
5
6
7
8
8
10
11
12

Algorithm
SI-<NE,SW,NW,SE>-E3
SI-<NE,SW,NW,SE>-E2
SI-<NE,SW,NW,SE>-E1
BM99
H89
GH92C
GH89A1
FP-E3
FP-E2
FP-E1
PAV81
EM93

Ref.

Type

[31]
[31]
[31]
[32]
[33]
[34]
[35]
[31]
[31]
[31]
[36] [37]
[38]

sub iteration-based
sub iteration-based
sub iteration-based
fully parallel
fully parallel
fully parallel
sub iteration-based
fully parallel
fully parallel
fully parallel
fully parallel
fully parallel
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Number of winner
single combats
18
17
16
15
14
13
12
11
10
9
8
7

Acta Polytechnica Hungarica

13
14
16
17
18
19

AK2
SI4-<N,E,S,W>-E3
SI4-<N,E,S,W>-E2
ZSLW
SI-<N,E,S,W>-E1
RUT66
CWSI87
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[10]
[31]
[31]
[39]
[31]
[40]
[41]

fully parallel
sub iteration-based
sub iteration-based
sub iteration-based
sub iteration-based
fully parallel
fully parallel

6
4
4
3
2
1
0
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