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Abstract: This paper reviews the equations that govern the hyperelastic deformations 
of magnetosensitive and electroactive materials in the presence of 
electromagnetic field. These relations can be derived from the Maxwell-
equations and some fundamental thermodynamical and continuum 
mechanical theorems. The aim of this paper is to estimate the terms in the 
governing equations for defining their order of magnitude in case of 
common EAP actuators. 
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1. Introduction 
Materials whose rheological properties can be varied by application of electric or 
magnetic fields are called electroactive or magnetorheological materials respectively. 
Their behaviour in the presence of electromagnetic field is difficult to describe, because 
the elastic properties are changing due to the applied fields [3, 6]. In addition, it is not 
simple to solve the Maxwell equations, because the material is moving and there is no 
consensus about the usage of Lorentz transformation in the presence of material [14]. In 
the first part of this paper the Maxwell equations, the constitutive equation and the 
Lorentz transformation are discussed without the loss of generality. Special attention is 
paid on the various formulations that define the electromagnetic field variables in the 
co-ordinate system attached to the moving points of the material body.  

In the second part of the paper, an EAP actuator of usual dimensions is under 
investigation. The governing equations are simplified according to the usual mechanical 
and electromagnetic circumstances. Finally, the terms of the Lorentz transformation are 
discussed. 

2. Notation 

Electrodynamics: 

E  Electric field intensity 

D  Electric displacement 

H  Magnetic field intensity 

B  Magnetic induction 
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P  Polarization density 

M  Magnetization density 

0,rε ε  Relative dielectric constant, dielectric constant in the vacuum 

0,rµ µ  Relative magnetic permeability, magnetic permeability in the vacuum 

ν  Conductivity 
q  Charge per unit volume 

J  Current per unit area 

c  Speed of light in the vacuum 

 

     Continuum mechanics 

v  Velocity of the material body 
ρ  Mass density 
( )nt  Stress vector (traction) at the surface with unit normal n  

F  Force per unit volume, acting on the material body 

r  Position vector 

L  Body couple per unit volume 

Φ  Energy supply density 

U  Potential energy per unit volume 

Q  Heat flux vector 

Y  Young’s modulus 

 

     Application as actuator 

V  Voltage applied to the actuator 

C  Capacitance of the EAP actuator 

I  Current 

A  Area of the EAP layer 

F  Force acting on the EAP layer due to the applied voltage 

d  Thickness of the EAP layer 
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       Vector calculus 

⋅a b  Scalar product (dot product) of two vectors 

×a b  Vector product (cross product) of two vectors 

∇  Nabla, Hamilton’s differential operator 

curl E  ( ), curl ijk j ki
E∇× = ∂E E ε  

div E  , i iE∇⋅ ∂E  

V

dV∫a  Volume integral of a  over the volume V 

S

d∫a S  Surface integral of a  over the surface S 

 
C

dC∫ a    Contour integral of a  over the curve C 

 
S

dS∫ a   Flux of a on the surface S 

3. The equations of electrodynamics for media in rest 
In vacuum, the physical laws for the electromagnetic field-variables are the well-known 
Maxwell-equations [11]: 

 curl
t

∂
= +

∂
DH J  (1) 

 curl
t

∂
= −

∂
BE  (2) 

 div 0=B  (3) 

 div q=D  (4) 

These local equations can be derived from the global Maxwell-equations: 

Ampère–Maxwell 

 =
C S S

ddC dS dS
dt

⋅ ⋅ + ⋅∫ ∫ ∫H J D  (5) 

Faraday 

 
C S

ddC dS
dt

⋅ = − ⋅∫ ∫E B  (6) 
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Gauss–Faraday 

 0
S

dS =∫ B  (7) 

Gauss-Coulomb 

 
S V

dS q dV⋅ = ⋅∫ ∫D  (8) 

Since these integrals can be measured, only the global laws can be proven by 
experiments. In the vacuum 0ε=D E  and 0µ=B H , so two field variables are sufficient 
for describing all electromagnetic phenomena, one for electric and one for magnetic 
fields. The sources of the electric and magnetic fields are electric charge and electric 
current, respectively.  

For material bodies the relationships between the field variables (and the current) can 
be very complex: 

 ( ) ( ) ( ); ; ,= = =D E B H J EW U ]  (9) 

where ; ;W U ]  are general vector functions. These equations are often called as 
the constitutive equations for the material under discussion. In the most general case, 
even the coupling between electric and magnetic variables can be possible, e.g. 

( )=J E H,] . For linear isotropic materials the constitutive equations are: 

 ; ; ,ε µ ν= = =D E B H J E  (10) 

where ε  is called the dielectric constant, µ  the magnetic permeability, and ν the 
electric conductivity. There is a tendency to regard E  and B  fields as the basic 
variables for electric and magnetic fields in the vacuum so the constitutive laws can be 
rewritten by introducing two more variables for material media: 

 ( )0 0; ,ε µ= =D E P B H M+ +  (11) 

where P is the polarization density and M  is the magnetization density. 

4. The equations for moving media 
The first difficulty one must cope with is that in the case of moving media several co-
ordinate systems can be chosen as a reference co-ordinate system. The laboratory frame 
is regarded as inertial system and the intensity of the external electromagnetic field is 
usually given in this representation, so it seems obvious to describe all the 
electromagnetic phenomena in the laboratory frame. 

Unfortunately, the constitutive equations are known only for the material lying at rest. 
In addition, all the points of the deforming media may move by the velocity of their 
own, so there is no co-ordinate system in which the material body under investigation 
seems to be at rest. Naturally, one can choose a co-ordinate system in which one single 
point and its small surroundings are at rest and this system may be called rest frame 
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(Figure 1.). However, other areas of the body under investigation may not be at rest 
according to this so-called rest frame. 

x

y

z

x′ y′

z′

E H

v

Laboratory
frame

Rest frame
Moving media

v

 
Figure 1. Laboratory frame and rest frame for describing the moving media 

The first step of the usually chosen procedure is to write and solve the Maxwell-
equations in all the co-ordinate systems attached to every single point of the moving and 
deforming media. After that, the results must be converted into the laboratory frame. 

The basic assumptions for this method are as follows:  

1. The rest frame (the co-ordinate system fixed to one of the points of the moving 
material, so the co-ordinate system, in which the small neighbourhood of the 
point seems to be at rest) can be considered as inertial system.  

2. The fact, that other parts of the body, even close ones are moving does not 
matter when solving the Maxwell-equations. 

3. There is a consequent formulation for converting the electromagnetic variables 
from one co-ordinate system into an other. 

Unfortunately, none of the above assumptions can be stated without doubts.  

1. The points of the deforming material body are moving with not a constant 
velocity, and no co-ordinate system fixed to an accelerating point can be 
rigorously considered as inertial system. On the other hand, the acceleration can 
be managed by postulating inertial forces and the relativistic effects can surely be 
neglected since the velocities are very small, compared to the speed of light. 

2. One can manage the direct electromagnetic influence of moving charged particles 
by considering them as parts of the external sources of the fields. Even in the 
case, when these particles are parts of the material body under survey. 
Nevertheless, the assumption, that other effects (e.g. due to perturbing the 
dielectric constant) do not emerge because of the inhomogeneous velocity-field, 
is just a hope. 

3. The coordinates of the electromagnetic variables must be transformed from one 
system to the other according to the Lorentz transformation. As the velocity is 
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much smaller than the speed of light, the slow speed approximation of the 
Lorentz transformation can be used:  

 2c′ ′= × ×E E v B D D v H+ ; = +  (12) 

 2c′ ′− × = − ×H H v D B B v E= ;  (13) 

 2q q q c′ ′= − = −J J v v J;  (14) 

The use of these transformation equations is self-evident in vacuum, but there are 
different commonly used formulations for transformation in the presence of matter. 
Three of these formulations are discussed in the next sections [14]. 

5. Formulations for describing electromagnetic field in moving media 
As one can see, the following formulations differ from each other not only in some 
notations. The differences can be derived from the various interpretations of the Lorentz 
transformation.  

5.1. The Minkowski Formulation 

This formulation is based on the Lorentz Force that affects on the electron moving in 
the electromagnetic field by the velocity of v : 

 ( )e= ×F E v B+  (15) 

The same force affects a charged particle of the moving media, so in the co-ordinate 
system attached to this very particle seems to work the effE effective electric field 
intensity of  

 eff = ×E E v B+  (16) 

The other transformation equation can be derived from the moment acting on a small 
current-circuit in electromagnetic field: 

 ( )m= − ×M H v D  (17) 

A current flowing in an arbitrary point of the moving media is then affected by the 
same moment, so in the co-ordinate system attached to this point seems to work the 

effH  effective magnetic field intensity of 

 eff = − ×H H v D  (18) 

The effective electric displacement and effective magnetic induction can be similarly 
derived from the definition of these electromagnetic variables: 

 2
eff c×D D v H= +  (19) 

 2
eff c= − ×B B v E  (20) 
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These four equations are exactly the slow speed approximation of the Lorentz 
transformation. The effective variables can be measured in the rest frame, while the 
other variables are measured in the laboratory frame. If the material has the (10) linear 
isotropic constitutive law at rest, when moving, the constitutive law changes to 

 ( )0 0ε εµ ε µ− ×D E v H= +  (21) 

 ( )0 0µ ε µ εµ= + − ×B H v E  (22) 

These variables are measured in the laboratory frame. In the rest frame, the linear 
isotropic law does not change since in the rest frame the material is at rest. In the 
laboratory frame, the electric and magnetic phenomena became coupled.  

5.2. The Lorentz Formulation 

This formulation is based on the declaration that the correct form of the Lorentz 
transformation is: 

 2c′ ′= × ×E E v B D D v H+ ; = +  (23) 

 2
0 cε′ ′− × = − ×H H v E B B v E= ;  (24) 

The only difference between these equations and the former ones is the assumption 
that the presence of material does not affect on the effective magnetic field intensity.  

5.3. The Chu Formulation 

The transformation equations according to this formulation are 

 2
0 cµ′ ′= × ×E E v H D D v H+ ; = +  (25) 

 2
0 cε′ ′− × = − ×H H v E B B v E= ;  (26) 

Neither the polarization nor the magnetization affects the effective fields. The 
differences between the effective field intensities of the Chu formulation and the 
Minkowski Formulation are 

 0
M C C M C C
eff eff eff effµ= −E E M × v H = H P × v+ ; , (27) 

where the superior letters stand for the name of the formulation. 

It is not simple to decide which formulation describes perfectly the real 
electromagnetic phenomena in the material. The electromagnetic variables cannot be 
measured inside the material and the effects what the differences between the 
formulations cause in the mechanical behaviour are almost negligible.  Nevertheless, the 
choice of the formulation must be taken into consideration when interpreting a 
researcher’s results.  
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5.4. Another way to the transformation equations 

Let a little volume of the moving material be the object under survey. According to 
Faraday’s law, the contour integral of the electric field intensity equals the time 
derivative of the flux of the magnetic induction. This flux change consists of two parts. 
The flux of the magnetic induction changes in time because the curve is moving by a 
velocity of v . On the other hand, the flux can change because of the change of the 
magnetic induction itself:   

 ( )
C S C S

ddC dS dC dS
dt t

∂
⋅ = − ⋅ = − ⋅ − ⋅×

∂∫ ∫ ∫ ∫
BE B v B    (28) 

After rearrangement and according to the Stokes’ theorem the local form of the 
Faraday’s law is 

 ( )curl 
t

∂
−
∂
BE + v × B =    (29) 

The local form of the Ampère-Maxwell’s law can be obtained through similar steps: 

 ( )curl 
t

∂
− = +

∂
DH v × D J    (30) 

In the brackets, the effective electric and magnetic fields can be seen, according to the 
Minkowski formulation. This opportunity for deduction can explain the fact that 
Minkowski’s theory is undoubtedly the most widely known electrodynamic theory for 
moving media [2]. Substituting the (11) constitutive equations we find 

 ( ) 0 0curl 
t t

∂ ∂
− −

∂ ∂
H ME + v × B = µ µ    (31) 

 ( ) 0curl 
t t

∂ ∂
− = + +

∂ ∂
E PH v × D J ε    (32) 

All variables are measured in the laboratory frame. This method can be used for 
further investigations only in that case when the velocity of the matter does not affect 
the constitutive equations. 

6. Avoiding the co-ordinate transformation 
For the computation of the mechanical behaviour, it is not always essential to know all 
the electromagnetic variables. It is sufficient to know the force, momentum and energy 
contribution of the electromagnetic field. The mechanical behaviour is governed by the 
balance equations of the continuum mechanics [8]. These four basic balance laws are: 

Balance of mass: 

  0
V

d dV
dt

ρ =∫    (33) 

Balance of linear momentum: 



Acta Technica Jaurinensis Vol. 5. No. 1. 2012 

95 

 ( )

V S V

d dV dS dV
dt

⋅ = ⋅ + ⋅∫ ∫ ∫nv t Fρ  (34) 

Balance of angular momentum: 

 ( ) ( )
V S V

d dV dS dV
dt

× ⋅ = × ⋅ + ⋅× +∫ ∫ ∫nr v r t r F Lρ    (35) 

Balance of energy: 

 ( )( ) ( )1
2

Q

V S V

d dV dS dVU
dt

⎛ ⎞ ⋅ +Φ +Φρ ⋅ = ⋅ + ⋅⋅ + ⋅ − ⋅⎜ ⎟
⎝ ⎠∫ ∫ ∫n F vv v t v Q n    (36) 

The question is what functions appear as body force per unit volume F , body couple 
per unit volume L , and energy supply density Φ  of electromagnetic origin. The 
problems of coordinate transformation seem to be totally avoided but just pro forma. 
Namely, the body force, the body couple and the energy supply can be variedly 
postulated according to the abovementioned formulations. All the formulations agree in 
the expression called Maxwell-Lorentz force and the energy supply expression: 

  tq= + ×tF E J B    (37) 

 tΦ = ⋅J E    (38) 

The difference can lie in the formulae of the total charge per unit volume and total 
current (per unit area). 

 L M
t tq q q= = −∇ ⋅P    (39) 

 ( )L
t t

∂
= + +∇× × +∇×

∂
PJ J P v M    (40) 

 M
t t

∂
= + +∇×

∂
PJ J M    (41) 

(In the Chu formulation magnetic current and magnetic charge are also defined so the 
contrast would be more remarkable without real physical meaning [14].) 

The differences between the Maxwell-tensors, which can be postulated based on the 
different formulations, can be shown in an analogous manner. In fact, one must face the 
very same problem when trying to use the Lorentz-transformation’s formulae. 

7. Maxwell equations for Electroactive Polymers 
In the EAPs, no free charge and no free current can occur inside the material, except for 
the case of damage [5]. Nor must we count with magnetisation, because there are no 
magnetisable particles in the EAPs. These facts can simplify the Maxwell equations: 
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  0curl
t t

ε ∂ ∂
= +

∂ ∂
E PH  (42) 

 curl
t

∂
= −

∂
HE  (43) 

 div 0=H  (44) 

 0div divε= −P E  (45) 

The polarization is a function of the electric field intensity, the temperature and the 
stretch. Hysteresis may also occur so the relationship between E  and P  is evidently 
nonlinear [15]. The field variables in the above formulae are measured in the laboratory 
frame and the whole material body is assumed to be at rest. The geometry of the 
common EAP activators is planar or can be considered planar (the thickness is much 
smaller than the curvature of the device). The model of an average EAP actuator (Figure 
2.) can be imagined as a flat capacitor: a thin electroactive polymer layer coated on both 
side with compliant conductive film (these are the plates of the capacitor and are said to 
be compliant because they can strain together with the polymer even under finite 
deformation). Therefore, charge and current can occur only on the surface, or more 
precisely in the plates of the condenser.  

( ) ( )max maxsin 2V t V f tπ=

EAP layer

complient
conductive films

30 µmd =

31,6 mmA ≈

A

 
Figure 2. Model of the EAP actuator 

In addition, we can assume the lack of external magnetic field as the EAP actuators are 
usually used without external magnetic excitation. Unfortunately, it does not mean that 
no magnetic phenomena would take place at all. When an EAP actuator is in steady 
state (that is to say there is no more change in its dimensions and electric field intensity 
inside) it is self evident that no current is flowing, so no magnetic field emerges. 
However, before reaching the steady state the shape of the actuator changes in time, so 
the charge on the plates moves together with the EAP’s surface. It means current from 
the point of view of those who are in the laboratory frame, this current results in 
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magnetic field according to the Ampère-Maxwell law. Although the current is outside 
the material body under survey, the magnetic field caused by this current will affect the 
whole EAP actuator. Furthermore, we have to face the problem of the different co-
ordinate systems because of the movement of the media, so one of the above-mentioned 
theories should be chosen for transforming the field variables. 

In the next section, approximate evaluation will be given for the electromagnetic and 
mechanical variables of a common EAP actuator working under usual circumstances. 

8. Electromagnetic and mechanical conditions in an EAP actuator 
In dielectric electroactive polymers (DEAP), actuation is caused by electrostatic force 
between the two electrodes. This force squeezes the polymer and because of its quasi-
incompressibility, it expands in area due to the electric field. 

Consider an actuator of this type with an area of  210cm . The EAP film thickness can 
vary from several µm up to some ten µm,  depending on the original thickness of the 
film and the prestretch. For a PolyPower Film under minimal prestretch 30 µm is 
adequate [16]. According to the engineering sheet of the PolyPower film [16], the 
maximum electric field strength is 35 V/µm . It results in a breakdown voltage of 
1225 V . The capacitance can be calculated by the well-known formula: 

 
3 2

12
0 5

As 10 m8.85 10  3.1 915 pF,
Vm 3 10 mr

AC
d

−
−

−= = ⋅ ⋅ ⋅ =
⋅

ε ε  (46) 

where = 3.1rε  comes from the above-mentioned engineering sheet also. The maximum 
force, what an actuator of this size can exert is: 

  
2

0
2 22.9 N

2
C rdE V A

F
dd d

= = − = −
ε ε

 (47) 

This force is perpendicular to the capacitor’s plate and results in compressing the 
polymer in thickness.  This result agrees with Horvath’s calculations [7]. The electric 
field intensity inside the capacitor is   

 V40.8  
µm

VE
d

= =  (48) 

Before calculating the maximum current in the conductive layers, the highest 
operational frequency must be determined. According to [5] (page 118) the actuators 
cannot work above some kHz, therefore it is obvious to choose max =10  kHzf .  
Assuming that the voltage applied on the device is sinusoidal and the capacitance does 
not change in time, the current is sinusoidal also. 

 ( )max max max( ) 2 cos 2I t f CV f tπ π=  (49) 
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The maximum current happens to be max = 70.4  mAI . It causes a magnetic field 
inside the polymer. The field intensity is parallel with the conductive layers and 
perpendicular to the direction of the current (Figure 3.).   

 max
max max 0 max

A2.23  ; 2.8  µT,
m

I
H B H

A
= = = =µ  (50) 

where the shape of the capacitor is assumed as square. 

( )V t

J B

B
J

 
Figure 3. Magnetic field due to the current flowing in the capacitor 

In addition, a magnetic field is induced due to the altering electric displacement. Its 
maximum equals: 

 max max 0 max
max max 0 max

2 A556 ; 0.7  mT
m4 4

rD f V
H B H

A A d
′ ′ ′= = = = =

⋅

π ε ε
µ  (51) 

This contribution to the magnetic field is also parallel with the layers and reaches its 
highest amount near the edges of the EAP layer (Figure 4.). 

( )V t
D

′B  
Figure 4. Magnetic field due to the change of the electric displacement 

The above calculations were all made under the assumption that there are no 
movements in the system. The EAP is considered incompressible, therefore the change 
of area due to the applied voltage is: 

 2max 0.2  cm ,
F

A
Y

∆ = − =  (52) 

where the Young’s modulus 1.1 MPaY = comes from the engineering sheet. The 
maximum velocity of the material of the device is approximately: 

 max max
m4 21 
s4

Av f
A

∆
= =π  (53) 

Naturally, this velocity is implausibly high, because the magnetic variables were 
overestimated. A closer approximation can be achieved by solving the Maxwell 
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equations and the balance equations with the assumption, that velocity does not affect 
the electromagnetic variables. 

After these calculations, we can estimate the terms of the Maxwell equations and the 
transformation equations of the different formulations. The aim is to decide which terms 
can be neglected in the special case of dielectric electroactive polymers. In the formulae 
of the Lorentz transformation (12-14) the ratios of the terms are, as follows: 

 
2

100 max 0 max 3.5 10
2

rV f
Y d

−× ⎛ ⎞= = ⋅⎜ ⎟
⎝ ⎠

v B
E

µ ε ε π
 (54) 

 
2

100 max max
2 1.14 10

2
r V f

Y dcc
−× ⎛ ⎞= = ⋅⎜ ⎟

⎝ ⎠

v H
D

ε ε π
 (55) 

 
2

5max 0
2 4.16 10rV A

d Y
−×

= = ⋅
v D

H
ε ε

 (56) 

 
2

5max
2 2 2

0

1.34 10
V A

c d Yc
−×

= = ⋅
v E

B µ
 (57) 

The charge density and the current density must be transformed according to (39)-
(41) equations. The comparison of the terms is not easy, because in those regions of the 
device, where free charges can be found no polarisation takes place at all. Similarly, 
where real current is flowing no polarisation or magnetization can be found. However, 
currents and charges act as sources of the electromagnetic field and the device is so thin, 
that it is sufficient to compare the maximums of the terms. Even if the maximum of the 
free charge density and the maximum of the polarisation do not emerge at the same 
place. The polarization field is homogenous inside the EAP, therefore its divergency 
equals zero. In addition, no magnetization takes place at all.   

 ( ) max
0 max 2

max

A1 2 47.68 
mr

V
f

t d
∂

= − =
∂
P ε ε π  (58) 

It can be multiplied by the area of the actuator and one gets some ten milliampers, 
what is comparable with the free current flowing into the electrodes. Polarisation is 
assumed to be homogenous inside the material, but velocity is linearly changing from 
one edge of the actuator to the opposite. Taking notice of only linear dislocation 

  ( ) ( )
3

2max max max
0 max3 2max

Acurl 1 0.496 
2 mr r

P v V
f

d YA
× = = − =P v ε ε ε π  (59) 

Finally, the current due to the movement of the charged electrodes must be estimated: 

 
3 3

2 2 5max
max max max 0 max3 2

A2.314 10  
2 mr

V A
I CV v f

d Y
−′ = = = ⋅ε ε π  (60) 
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9. Conclusions 
The calculations of the last section showed us which terms could be neglected in the 
(23-24) formulae of the Lorentz transformation and in the (40-41) formulae of the total 

current density. According to (54-57), the ×v B  and the 2c
×v H  terms can surely be 

disregarded. Although ×v D  and 2c
×v E  play a role higher by five orders of magnitude, 

they can be neglected too. Especially, when taking into account that our measurements 
of the constitutive equations can hardly be of the same accuracy. On the other hand, the 
basis of these calculations was a special case of an electroactive polymer actuator. One 
can find different ratios when examining other types of EAP devices or similar devices 
under different conditions. All results depend on the working frequency, the relative 
dielectric constant, the maximum voltage and the thickness of the EAP layer. These can 
very due to technological development; therefore, the estimations must be repeated for 
every single case. 

The current due to the movement of the charged electrodes is negligible compared to 
the free current measured in the rest frame (60). Therefore, it must not be taken into 
account at all. 

The polarisation current and the free current are of the same order of magnitude, so 
none of them can be neglected. The ( )curl ×P v  term can be estimated as some percent 
of the polarisation current, so it cannot be disregarded either.  

Naturally, this term emerges only in the Lorentz formulation (40) and this fact can be 
a basis for deciding by measures wich formulation describes the real electromagnetic 
pfenomena in the moving media.   
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