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Abstract: The paper presents the numerical modeling of a Y-shaped three-pole radial 
active magnetic bearing based on two-dimensional (2D) and three-
dimensional (3D) magnetic field computation with nonlinear model of the 
material. The used numerical method is the Finite Element Method (FEM). 
The nonlinear system of equations according to the nonlinear 
characteristics of ferromagnetic material can be handled by the Newton-
Raphson technique and by the fixed-point method. 
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1. Introduction 
High speed and high accuracy are the main tasks for rotating machines in our days. In 
this regard, Active Magnetic Bearing (AMB) is an important element since it can 
provide non-contact suspension. However, the opportunity of its industrial application 
has not been completely explored yet. One of the main reasons is its high cost. The 
sensors and power amplifiers account for a major portion of the cost. The number of 
required power amplifier is closely related to the number of magnetic poles in the AMB. 

A more feasible way to decrease the costs is to reduce the number of magnetic poles. 
The minimum pole number for an AMB is three. The three-pole AMB has several 
advantages, e.g. only two amplifiers can be used; the reduction of the pole number can 
leave more space for heat dissipation, coil winding and sensor installation [1],[2]. 

The main disadvantage of this type of AMB is its strong non-linearity due to magnetic 
flux coupling. It was very difficult to design and implement controllers for such a strong 
nonlinear system [1],[2],[3]. 

This paper presents the numerical simulation of the Y-shaped radial magnetic bearing 
by one of the most usable electromagnetic field computation technique, the finite 
element method [4]-[10]. 

The main goal of this paper is to validate the two-dimensional simulations of the short 
axial length AMB through the comparison of 2D and 3D finite element simulations by 
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the magnetic flux density, the electromagnetic force [4],[5],[6] and the flux linkage [4], 
[5],[6]. The nonlinear characteristics of ferromagnetic materials can be handled by the 
Newton-Raphson technique [4],[5],[7] in 2D and by the fixed-point technique in 3D [4], 
[8]-[10]. 

2. Model of radial magnetic bearing 
The magnetic bearing has been simulated supposing a two-dimensional problem. The 
assumption of the two-dimensionality is usually valid if the axial length of the analyzed 
body is far greater than the dimensions in the cross-section plane. In the radial magnetic 
bearing, this is usually not the case. However, when the rotor is rotating, the eddy 
currents push the magnetic flux out of the solid shaft and the magnetic flux flows only 
through the laminated structure of the rotor. This results in a static magnetic field 
problem. Furthermore, the effect of the end region fields has been neglected in the two-
dimensional case [4],[6]. 

The 2D and 3D arrangements of the problem are shown in Figure 1, which is a Y-
shaped radial magnetic bearing. The poles of the Y-shaped magnetic bearing are lagging 
each other in phase by 120°. 

 
 a) The schematic arrangement of AMB b) The 3D arrangement of AMB 

Figure 1. The arrangements of the radial magnetic bearing 

In the simulations, only the upper two windings have been excited by the second 
generator current I2. This is the situation, when the rotor is in the center of the bearing, 
and it is not necessary to control the currents. The source current density is maintained 
constant, 26

0 A/m 101.5 ⋅=J . The stator, the rotor and the poles are laminated, because 
the losses are reduced and it eliminates the effect of eddy currents. The shaft is a solid 
iron, which is surrounded by the laminated rotor. 

The three-dimensional arrangement of the radial magnetic bearing is shown in 
Figure 1b. This figure shows very well that the windings are longer than the core length. 
Mainly, the overhanging part of the windings generates the end-region field, which may 
have an effect to the inside field of the bearing. 
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3. AMB modeling with nonlinear FEM 
The magnetic bearing is assumed to be a static magnetic field problem. The assumption 
of the problem is valid if the purpose of the lamination in the stator and in the rotor can 
eliminate the effect of eddy currents. The solid shaft of the rotor should be modeled as a 
solid iron. However, when the rotor is rotating, no magnetic flux penetrates through the 
solid shaft. Thus, when analyzing the bearing for the actual operation point, the shaft 
can be modeled as air [4],[6]. 

The studied static magnetic field problem is separated into two parts, the magnetic 
material region (e.g. stator) denoted by mΩ , and the nonmagnetic domain (e.g. air) 
symbolized by 0Ω  [4],[7],[8]. The scheme of the analyzed two-dimensional static 
magnetic field problem can be seen in Figure 2. The domains and regions are the same 
in the three-dimensional problem; only the boundaries have some differences. 

The problem region Ω  is bounded by Ω∂ . The Ω∂  is separated into two parts HΓ  
and BΓ , i.e. BH ΓΓΩ ∪=∂  [4],[7],[8]. 

 
Figure  2. The structure of the two-dimensional static magnetic field problem 

The regions and boundaries of the two- and the three-dimensional problem can be seen 
in Figure 3a and in Figure 3b, respectively.  

HΓ  in Figure 3 denotes the boundary, where the tangential component of the 
magnetic field intensity is given by a known surface current density K. In this problem 

HΓ  is a symmetry plane. In this case 0=K . The boundary BΓ  is usually the far 
closing boundary or a symmetry plane of the problem region, where the normal 
component of the magnetic flux density is vanishing. The tangential component of the 
magnetic field intensity and the normal component of the magnetic flux density must be 
continuous on the interface between the two subregions, mΩ  and 0Ω . However, in this 
problem the continuity on this boundary condition is satisfied by the used potential 
formulation. This is why this interface is not denoted in Figure 3 [4],[7],[8]. 
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a) The two-dimensional case b) The three-dimensional case 

Figure 3. The regions and boundaries of the simulated magnetic bearing 

The boundary conditions of the symmetry plane of the three dimensional problem is 
presented in Figure 3b. 

In the three-dimensional simulations the outer boundary of the AMB geometry as a 
closing boundary has not been used as in the two-dimensional case. The closing 
boundary is a sphere in the three-dimensional problem (it is not shown in Figure 3b). 
After some trials, the radius of this closing boundary has been chosen as three times 
larger than the radius of the geometry of AMB. The boundary condition of the three-
dimensional closing boundary is the same used in BΓ . 

3.1. Formulation with magnetic vector potential 

The partial differential equations and the boundary conditions of the presented static 
magnetic field problem are coming from the Maxwell’s equations [4],[5],[7],[8]. The 
potential formulation which satisfies Coulomb gauge can be formulated as 
[4],[5],[7],[8]: 

 case, 2Din   ,in      ,)( 00 mΩΩν ∪=×∇×∇ JA  (1) 

 case, 3Din    ,in      ,)( 00 mΩΩν ∪×∇−×∇=×∇×∇ ITA  (2) 

 ( ) case, 2Din    ,on      HH Γν 0,=××∇ nA  (3) 

 ( ) case, 3Din    ,on      HH Γν 0,=×+×∇ nIA  (4)  

 ,      on  ,   in 2D and 3D case,B B× = 0n A Γ  (5) 

where ν  is the reluctivity, A  is the magnetic vector potential, 0J  is the source current 
density, 0T  is the impressed current vector potential, and Bn , Hn  are the outer normal 
unit vector according to the boundary of the regions. The reluctivity is 00 /1 µνν ==  in 
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the region 0Ω  in 2D and 3D, ( )2Bνν =  in the region mΩ  in 2D and FPνν =  in the 

region mΩ  in 3D, where 0µ  is the permeability of vacuum, ( )2Bν  is a single-valued 
nonlinear curve [5] and FPν  is the properly chosen constant, the so-called optimal 
reluctivity [4],[8]. The vector I  is the residual nonlinearity [4],[8], which depends on 
the input-output state of the used nonlinear curve without hysteresis. The residual I  is a 
magnetic field intensity like quantity. 

In this work, the method of the weighted residuals with the Galerkin’s method has 
been used in the solution of the partial differential equations of the A-formulation [4]-
[8]. 

3.2. Nonlinear equation solvers 

The partial differential equations are generally nonlinear because of the nonlinear 
characteristics of the ferromagnetic material. In this case, it is necessary to use a 
numerical technique for handling the non-linearity. 

There are two main groups of methods to handle nonlinear characteristics of 
ferromagnetic materials in electromagnetic field computation. One of these groups is the 
successive approximation based method and the other techniques are based on 
Newton’s method. From these groups, the fixed-point technique [4],[8]-[10] and the 
Newton-Raphson method [4],[5],[7] have been used in this work. 

The Newton-Raphson method has been used only in the two-dimensional case, and 
the fixed-point technique with polarization method [2]-[4] has been used in three-
dimensional simulations. 

The steps of one Newton-Raphson iteration are: 

• The initial condition of the method, when the magnetic vector potential A and 
magnetic flux density B are equal to zero as the other quantities; 

• Assembling the system matrix S(A) and Jacobian matrix ( )= ∂ ∂J r A A , where 

( ) ( )= −r A S A A u  is the residual vector [5], [ ]1, , T
nA A=A  is the unknown 

potential vector, ( )0 di iu N= = ∇∫u J
Ω

Ω  is the entries and source vector, where 

ni ,,1L= , n is the number of nodes and Ni is the nodal shape function; 
• Determine the residual term from ( )

1

1
1∆

nn n−

−
−= AA J r A  by the gradient method 

[11]; 
• Compute the vector An, which contain the unknown potentials, from the equation 

1 ∆n n n−= +A A A ; 
• Calculate the orthogonal components of magnetic flux density vector at every 

node of the FEM mesh, and the orthogonal components of the magnetic field 
intensity vector as well as the value of reluctivity by applying the nonlinear 
curve presented in Figure 4. The MATLAB interp1 [12] function has been 
used to determine the reluctivity ( )2Bν ; 
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• The iteration is repeated from the second step until the error is small enough. The 
value of the imposed error is 610−=ε . The error is computed from the vector 
norm of nA∆ , ε<2∆ nA . 

 
Figure 4. The magnetization curve of the laminated parts 

The steps of fixed-point iteration are as follows: 

• Generating and solving the system of linear equations, =KA b , and determine 
the value of 0T  for all finite elements, where K is the system matrix, the vector 

A contains the value of unknown potential, ( )0 di ib b= = ⋅ ∇×∫W T
Ω

Ω  is the 

entries and source vector and Wi is the vector shape function [8]; 
• Over again generate and solve the actual system of linear equations, =KA b . 

The constant system matrix K is not changing during the iteration process, it is 
enough to calculate it once; 

• Determine the orthogonal components of magnetic flux density (Bx, By, Bz ) of all 
finite elements by the relation AB ×∇= ; 

• The orthogonal components of magnetic field intensity of all finite elements can 
be obtained by the nonlinear curve in the Gaussian points. The MATLAB 
interp1 [12] function has been used to determine the components of H from 
the nonlinear curve (Figure 4); 

• Determine the components of the nonlinear residual term I in every finite 
element in the nonlinear region by the pFPpp BHI ν−=  relations, where  
p = x, y, z; 

• Determine the error of the computation. The difference of the components of 
magnetic field intensity in the last two iteration steps is calculated in each finite 
elements and its vector norm is the error ε , ε<− − 21,, npnp HH , where  

p = x, y, z; 
• The iteration is repeated from the second step until the error is small enough. The 

value of the imposed error is 610−=ε . 
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3.3. Computed quantities 

3.3.1. Electromagnetic force 

The method of Maxwell’s stress tensor is commonly used in the calculation of forces 
and torque in the numerical analysis of electrical devices [4],[5],[6]. 

In the three-dimensional model the electromagnetic force is obtained as a surface 
integral over the surface in the air gap, around the rotor as [4],[5],[6], 

 ( ) 2

0 0

1 1 d
2

S

B S
⎡ ⎤

= ⋅ −⎢ ⎥
⎣ ⎦∫F B n B n
µ µ

, (6) 

where S  is a surface which enclosing the rotor in the air gap, B  is the magnetic flux 
density, and B=B is the length of  the magnetic flux density vector. 

In the two-dimensional case the surface integral is reduced to a line integral along the 
air gap. 

3.3.2. Flux linkage 

The flux linkage Ψ  is more useable in electrical machines (e.g. induction motor) than 
the flux Φ  [4],[5]. 

If the winding comprises wN  turns, and Φ  flux lines link with each turn, the product 
Φ⋅wN  is called flux linkage [4],[5],[6], i.e. the flux linkage in 3D 

 dw w
S

N N S= ⋅ = ⋅∫BΨ Φ , (7) 

where S is the surface where come through the perpendicular component of flux lines. 

The flux linkage has been computed in 2D by the following relation [4],[5],[6] 

 ( )21 AALNw −=Ψ , (8) 

where L is the axial length of the bearing, which equals the equivalent core length of the 
bearing (L = 49.21 mm). The A1 and A2 denote the average values of the magnetic 
vector potential for the particular coil-end. 

4. Results and discussion 
The results have been compared mainly in the linear region of the single-valued 
nonlinear curve (see in Figure 4), e.g. 2, 5 AmaxI = . The simulations in the linear range 
are enough, because the magnetic bearing is mainly operating in this range. In the 
saturation part of the nonlinear curve it is not too advantageous to use the AMB, 
because the losses of bearing are increasing, and the bearing load force is saturated. 
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The flux linkage and electromagnetic force, which are computed by the 2D finite 
element software, FEMM [13] as two-dimensional reference solution has been 
compared, too. 

All the 2D simulations have been studied using the same mesh in COMSOL 
Multiphysics, which consists of 15829 second-order triangular elements. The FEM 
mesh by FEMM is consisting of 17387 second order triangular elements. The number of 
unknowns is 31930 and 34290 at COMSOL and FEMM, respectively. The 3D mesh 
consists of 86339 second-order tetrahedral elements and the number of unknowns is 
563528. 

The magnetic flux density distribution and the magnetic flux density vectors inside 
the magnetic bearing can be seen in Figure 5 at the simulation with 2, 5 AmaxI = . The 
magnetic flux density distribution of the two figures (Figure 5a and Figure 5b) is 
perfectly the same. This is verified in the scale of the figures, where the maximum are 
nearly the same, T 42.1≈maxB . The length of the magnetic flux vectors is almost same 
in the same parts of the magnetic bearing. 

             
a) Two-dimensional case  b) Three-dimensional case 

Figure 5. The surface plot and vectors of magnetic flux density inside the AMB 

The computed flux linkage Ψ  by the three different nonlinear finite element 
approaches can be seen in Figure 6. The results of this figure are shown when the rotor 
is fixed in the center of the bearing. In this figure, the results are close to each other. 
The maximum of the difference between the results of the 2D and the 3D simulations is 
less than 2%. The results of the FEMM software are located between the two others. 
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Figure 6. The flux linkage - current characteristic at nominal air gap 

Figure 7 shows the variation of the flux linkage the function of the y-directed 
displacement of the rotor and of the variation of current of windings. These figures 
seem to be nearly the same in the different rotor positions and currents. These show the 
maximum of the flux linkage, at the 0.5 mm  displacement and at the 5A winding 
current, because the maximums are 0.198 Wb  and 0.199 Wb  in 2D and 3D, 
respectively. The difference of these results is less than 2%. 

   
a) Two-dimensional case   b) Three-dimensional case 

Figure 7. The flux linkage the function of the y-directed displacement of the rotor and 
of the variation of the current 

The numerically computed electromagnetic force versus the function of the current can 
be seen in Figure 8. These results have reference to the fixed rotor position in the center, 
than in the linear case. The obtained results are practically the same. The other 
presented quantities which are due to the nonlinear simulations this good agreement 
show. The difference is less than 2% when comparing this quantity. 
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Figure 8. The electromagnetic force - current characteristic at nominal air gap 

The further figures (Figures 9a) and 9b)) show the variation of the electromagnetic force 
as the function of the y-directed displacement of the rotor and of the variation of current 
of windings. The agreement of the results at the difference rotor positions and winding 
currents are almost the same as in Figure 8. The maximum of the difference of the 
results is less than 2%, which can be seen in Figure 9a and Figure 9b. The two different 
nonlinear simulations give the same electromagnetic force. Thus, it is enough to use the 
nonlinear 2D FEM computation for the magnetic bearing analysis. 

   
a) Two-dimensional case   b) Three-dimensional case 

Figure 9. The electromagnetic force the function of the y-directed displacement of the 
rotor and of the variation of the current. 

5. Conclusion 
In this work, the weak formulation of the A – potential formulation to solve the 
presented problems has been shown. The computation of the flux linkage and the 
electromagnetic force in two- and three-dimensional cases has been studied, too. 
Further, the finite element analysis has been implemented to solve the problem with 
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nonlinear material. Because of the nonlinearity, the used nonlinear equation solvers, the 
Newton-Raphson method and the fixed-point technique have been presented shortly.  

The simulation procedures have been compared by computed quantities. These 
simulation procedures are the two-dimensional and the three-dimensional magnetic field 
computation with nonlinear materials. Further of these, the two-dimensional nonlinear 
finite element computations have been implemented by the free and well-known finite 
element software package, FEMM, as a reference numerical computation. The 
compared quantities are the flux linkage Ψ  and electromagnetic force F. 

The results show that it is enough to use the two-dimensional finite element 
simulation of the magnetic bearing with short axial length and with the negligation of 
the end-region field effect. The maximum of the difference of the computed quantities is 
2% in the nonlinear case. Thus, the two-dimensional finite element method has been 
given properly good results. 
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