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Abstract: Koch curve based dipole antennas have been built up, have been simulated
and have been measured to examine the reachable size reduction. The sim-
ulations have been performed by using the method of moment (MoM) and
the finite element method (FEM). The Pocklington integral equation and the
ATW EFIE method have been deduced and have been implemented in MAT-
LAB environment to simulate dipole antennas and arbitrary shaped thin wire
antennas. In COMSOL Multiphysics software environment a finite element
model has been set up to solve the Helmholtz equation and to simulate the
antennas under examination. Koch curve based dipole antennas have been
measured in a full anechoic chamber, as well. The numerical and the experi-
mental results have been compared with the outcome of other softwares.
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1. Introduction

Size reduction of antennas is in the middle of the interests of development engineers for
a long time. There are several approach to decrease the length, the area or the volume
where antennas can be placed. In the most of the cases the basis of the size reduction are
the simplest antennas: dipole antenna, monopole antenna and patch antenna. The size of
a resonant dipole is the half of the wavelength of its working frequency. The monopole
is a half dipole antenna which is placed over a ground plane, thus its size is equal to the
quarter of the wavelength. The advantages of these elements are the simple geometry and
the easy tuning possibility, but in theother hand there are the low mechanical stability and
the big size.

By the bending of the wire to a spiral or a meander shape mechanical stability and size
reduction can be achieved. They are the well-known helix and meander antennas. Multi-
band devices can be constructed easily from these geometries by using varying distance
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between the turns in the case of the spiral and by using varying spaces between the lines
of the meander. In usual, the helix antennas are monopoles, but there are monopoles and
dipoles from the meander antennas, as well. In the Figure 1 a helix and a meander antenna
can be seen.

Figure 1: A helix and a meander antenna

In handheld communication devices T, L, inverted F and planar inverted F antennas
(PIFA) are commonly used. The T, L and inverted F antennas are the variants of a
monopole and their names come from their shapes. The planar inverted F antenna is
the three dimensional variant of the inverted F antenna, where the horizontal radiating
element is made from a planar plate. A a planar inverted F antenna can be seen in the Fig-
ure 2. These four type of antennas are popular in mobil communication devices because
the ground plane of the printed circuit can be used as the ground plane of the antenna, as
well. Moreover, the radiator elements of these geometries is situated close to the ground,
so it can be built under the surface of the device. Nevertheless, fractal based antennas
could be a good option instead of PIFA, T, L and inverted F antennas in small devices.

Figure 2: A planar inverted F antenna

Fractal is a rough or fragmented geometric shape that can be split into parts, each of
which is – at least approximately – a reduced-size copy of the whole [21].In other words
fractals are self-similar objects. Mathematically, a fractal is based on an equation, which
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undergoes a recursive iteration. The device which is able to radiate electromagnetic field
and built up from self-similar parts is called fractal antenna. The first fractal shaped
antenna, which is the log-periodic antenna, was made in the 1950’s, but its shape was not
determined by using the fractal geometry. At the end of the 1980’s Natan Cohen started to
work with antennas which built up from self similar objects. By using fractals it is possible
to maximize the length, or increase the perimeter of a material, that can receive or transmit
electromagnetic radiation within a given total surface area or volume. Fractal antenna has
many advantages from its compact size, through its multiband or wideband behaviour, to
the easy optimization of its attributes [4, 26]. They are usually based on the very well
known fractals, for example the Koch curve, the Hilbert curve, the Peano curve, the Lévy
C curve the Sierpiňski triangle and the Sierpinski carpet[1, 18, 27, 11, 15, 30, 23, 21].
In this study the achievable size reduction has been examined in the case of Koch curve
based dipole antennas.

2. Analysis of Koch curve based antennas

In MATLAB environment [22] an algorithm has been implemented to generate Koch
curves. The input attribute of the function is the number of iterations and the outcome
is a 6 cm long Koch curve. If the iteration number is zero then the outcome is a line.
From two curves one Koch fractal based dipole antenna can be built up as it can be seen
in Figure 3.

Figure 3: Fourth iterational Koch curve based dipole antenna excited at the center point

By the increasing of the iteration number the length of the wire in the dipole is increas-
ing, in every step it becames 4

3 times longer. Thus, after the first iteration the length of the
wire is 16 cm, after the second one it is 21.33 cm and after the fifth iteration it become
50.57 cm long, while the dipole can be placed into a 12 cm long space.

2.1. Pocklington integral equation

The Pocklington integral equation is able to describe the working of standard dipole
and monopole antennas. In 1897 Henry Cabourn Pocklington deduced this formula and
proved that the distribution of the current in a dipole antenna is a sinusoidal function and
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it propagates approximately with the speed of the light [28]. In the middle of the problem
there is a wire antenna, which has electrical conductivity σ, magnetic permeability µ and
electric permittivity ε. It is placed in free air with µ0 and ε0, which can be seen in 2.1.

Figure 4: The built up of the problem

The basis of the equation are the Maxwell equation [28, 12, 19, 16, 14]. During the
calculation sinusoidal excitation has been used, thus ∂

∂t → jω. From the III. Maxwell’s
equation,

∇ ·H = 0. (1)

For every vector field ∇ · ∇ × A ≡ 0, so

H = ∇× A, (2)

where A is the magnetic vector potential [28, 12]. Substituting (2) to the II. Maxwell
equation results in the following expression,

∇× (E + jωµA) = 0. (3)

According to the mathematical equivalence∇×∇Φ ≡ 0,

E + jωµA = −∇Φ, (4)
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or in other form,
E = −jωµA−∇Φ, (5)

where Φ is the electric scalar potential [19, 28, 12].

Substituting the magnetic vector potential A to the I. Maxwell equation results in,

∇×H = ∇×∇× A = jωεE + J. (6)

By applying the equivalence∇×∇×A ≡ ∇(∇·A)−∇2A, (6) leads to the following
expression:

∇(∇ · A)−∇2A = jωε(−jωµA−∇Φ) + J, (7)

or in other form,
∇2A + ω2µεA−∇(jωεΦ +∇ · A) = −J. (8)

The curl of the magnetic vector potential is already known, but it is neccessary to
describe its divergence, as well. If the divergence of A is chosen to vanish the third part
of (8) then the Lorentz gauge can be got [28],

∇ · A = −jωεΦ. (9)

After all, let us see the problem on 2.1. The diameter of the wire is much smaller than
the wavelength, thus only the z component of the current have to be considered. Based
on this neglection the Lorentz gauge (9) modifies,

∂Az

∂z
= −jωε0Φ, (10)

where Az is the z component of the magnetic vector potential. In this case (5) can be
reformed,

Ez = −jωµA− ∂Φ

∂z
. (11)

Let us substitute the derived of (10) to the (11):

Ez =
1

jωε

(
∂2Az

∂z2
+ k2Az

)
, (12)

where k = 2π/λ is the wavenumber. If it is considered that the z component of the
current is J dv′, and the Green function is applied, which describes the propagation of the
waves from a point source [28, 12],

ψ(z,z′) =
e−jkR

4πR
, (13)
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then the following expression can be got:

dEz =
1

jωε

[
∂2ψ(z,z′)

∂z2
+ k2ψ(z,z′)

]
Jdv′, (14)

where R is the distance between the source (x′,y′,z′) and the examined point (x,y,z) and

R =
√

(x− x′)2 + (y − y′)2 + (z − z′)2. (15)

The electric field can be calculated by a volume integral in the wire [28, 12],

Ez =
1

jωε

∫ ∫ ∫ [
∂2ψ(z,z′)

∂z2
+ k2ψ(z,z′)

]
Jdv′. (16)

Then the deduced formula can be simplified. If the material of the antenna is a perfect
electric conductor, then the current is flowing on the surface of the wire because of the
skin effect. In this case the equation is the following [28, 12]:

Ez =
1

jωε

∮
c

∫ L/2

−L/2

[
∂2ψ(z,z′)

∂z2
+ k2ψ(z,z′)

]
Jsdz′dφ′, (17)

where c is the bounding line of the wire’s cross section area as it can be seen in Figure 2.1.

Figure 5: Illustration of the variables

This simplification is a good approximation in the case of materials which have high
conductivity, for example in the case of the copper. The length of the line from the
examined point to the axial symmetry line can be calculated easily, (15) can be simplified,

R =
√

(z − z′)2 + a2. (18)
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While a << λ in the ϕ direction the distribution of the current is nearly costant, so the
expression can be simplified to a line integral,

Ez =
1

jωε

∫ L/2

−L/2

[
∂2ψ(z,z′)

∂z2
+ k2ψ(z,z′)

]
I(z′)dz′. (19)

In accordance with the surface equivalence principle [13], the quantityEz in (19) can be
denoted as the scattered field Es

Z . That is the field radiated in free space by the equivalent
current I(z′). There is another field which is called incident or impressed field Ei

z . At
the surface of the perfectly conducting wire and also interior to the wire, the sum of the
scattered field and the incident field must be zero. Hence, Es

Z = −Ei
Z , and (19) can be

wrote in the following form [28, 12],

−jωεEi
z =

∫ L/2

−L/2

I(z′)

[
∂2ψ(z,z′)

∂z2
+ k2ψ(z,z′)

]
dz′, (20)

which is the well known form of the Pocklinton integral equation. Methods in which
integral equations have to be solved are also called to method of moment (MoM) [29, 12,
28, 9]. The dipole, which is the zeroth iterational Koch curve based antenna has been
simulated by using the above expression solved in MATLAB environment.

2.1.1. The solution of the equation in MATLAB environment

To solve the equation (20) matrices have to be built up. The elements of the impedance
matrix Z can be wrote in the following form [12]:

Zmn =
k2

4π

∫ zn+∆z/2

zn−∆z/2

e−jkr

R
dz′ +

[
∂

∂z′
e−jkr

R

]∣∣∣∣z
′=zn+∆z/2

z′=zn−∆z/2

. (21)

In the original form of Pocklington integral equation the excitation of the antenna is

bm = −jωεEi
z(zm), (22)

where Ei
z is equal to the excitation at the excited point, everywhere else it is zero. It is

the so called voltage gap excitation [17, 12, 20]. Because of the more precise output the
magnetic frill generator has been used during the simulations [17, 12, 20],

Ei
z(zm) =

1

2ln(d/a)
(23)

The performing of the derivation in the (21) yields

∂

∂z′
e−jkr

R
= (zm − z′)

1 + jkR

R3
e−jkR. (24)

399



Vol. 4. No. 3. 2011 Acta Technica Jaurinensis

which is allowing us to write

Zmn =
k2

4π

∫ zn+∆z/2

zn−∆z/2

e−jkr

R
dz′ +

[
(zm − z′)

1 + jkR

R3
e−jkR

]∣∣∣∣z′=zn+∆z/2

z′=zn−∆z/2

. (25)

The second part of the (25) can be solved easily by using matrix operations. The first
part of it can be calculated by using the Gauss quadrature, with which it is the following,∫ zn+∆z/2

zn−∆z/2

e−jkr

R
dz′ ≈=

M∑
q=1

wq
e−jkRmq

Rmq
, (26)

where Rmq =
√

(zm − zq)2 + a2, M is the number of the points and w is the value of
the wheighting function.

The current distribution along the dipole can be seen in Figure 6 at 1.8 GHz, at 1.2 GHz
and at 800 MHz. It has been computed by using the conjugate gradient method, which is
a built in function in the MATLAB software package. The input impedance, which will
be shown later, has been calculated, as well.

Figure 6: Current distribution along the surface of the antenna

2.2. Simulation by using the finite element method

To check the results provided by the Pocklington integral equation the problem has been
solved by using the finite element method [19, 2, 3, 16, 25, 31], as well. In the COMSOL
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Multiphysics softvare package [5, 6, 7] the Helmholtz equation, which has to be solved,
is already defined.

∇×∇× E− k2E = 0. (27)

On the surface of the dipole and on the ΓE boundary the following boundary condition
has been used,

n× E = 0, (28)

where n is the normal vectorl of the surface. Because of the simmetry of the geometry, the
antenna can be divided into two parts at the symmetry plane. In this case the symmetry
plane is set to ΓE boundary condition, thus it is enough to simulate the half of the geom-
etry. At the artifical far boundary ΓS the so called scattering boundary condition has been
used to eliminate the reflecting electromagnetic waves. By this condition the antenna can
be examined as in free space. The scattering boundary condition is the following [16, 5],

n× [∇×H + jk0n×H] = 0. (29)

Front of the artifical far boundary a perfectly matched layer (PML) has to be defined,
which is responsible for the elimination of the scattered electromagnetic waves, as well
[6, 7]. To define the excitation a waveguide port has been used [17, 12], and to solve
the equation system the SPOOLES direct solver has been used []. The finite element
mesh of the geometry consists 47053 tetrahedral elements, it can be seen in Figure 7.
During the calculation the software provides a solution of an equation system wich has
53631 unknowns. The electromagnetic field properties and the antenna parameters can be
calculated from the resulted potentials [19, 6, 7].

2.3. Examination of arbitrary shaped thin wire antennas

The behavior of arbitrary shaped thin wire antennas, which are in this case the Koch
curve based dipole antennas, have been examined by using the ATW EFIE (Arbitrary
Thin Wire’s Electric Field Integral Equation) method. The basis equation, which is the
following, can be decuced from Maxwell’s equation system [19, 16, 14, 2, 12],

− j

ωµ
n(r)× Ei(r) = n(r)×

[
A(r) +

1

k2
∇∇ · A(r)

]
, (30)

where A is the magnetic vector potential and n is the normal of the surface.

To define the excitation of an arbitrary shaped wire antenna a current vector must be
defined, which is the function of the position relative to the wire,

I(r) = I(r)t(r), (31)
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Figure 7: Finite element mesh of the geometry

where t(r) is the tangential of the wire. The substitution of this expression to the (30)
results in,

− j

ωµ

[
t(r) · Ei(r)

]
=

[
1 +

1

k2
∇∇·

] ∫
L

I(r’)t(r’)G(r,r’)dr’, (32)

where G is the Green function. This is the so called arbitrary this wire’s electric field
integral equation.

Then, let us approximate the current as a sum of N weighted vector basis functions,

I(r’)t(r’) ≈
N∑

n=1

anfn(r), (33)

where fn is everywhere tangent to the wire. Substituting the above to the (30) yields,

− j

ωµ

[
t(r) · Ei(r)

]
=

[
1 +

1

k2
∇∇·

] N∑
n=1

an

∫
f
n

fn(r’)G(r,r’)dr’. (34)

Testing the above byN testing functions fmr results in a linear system with the follow-
ing matrix elements,

zmn =

∫
f
m

fm(r)·
∫

f
n

fn(r’)G(r,r’)dr’dr+
1

k2

∫
f
m

fm(r)·

[
∇∇ ·

∫
f
n

fn(r’)G(r,r’)dr’

]
dr.

(35)
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The excitation can be defined by the elements of the following matrix:

bm = − j

ωµ

∫
f
m

fm(r) · Ei(r)dr. (36)

Let us focus on the second part of (35),∫
f
m

fm(r) ·

[
∇∇ ·

∫
f
n

fn(r’)G(r,r’)dr’

]
dr, (37)

which can be simplified by the reformulation of the differential operators, thus the above
results in, ∫

f
m

fm(r) · ∇S(r)dr =

∫
f
m

fm(r) ·

[
∇
∫

f
n

∇′ · f(r’)G(r,r’)dr’

]
dr. (38)

By applying the equivalence f(r) · ∇S(r) = ∇ · [f(r)S(r)]− [∇ · f(r)]S(r),∫
f
m

fm(r) · ∇S(r)dr =

∫
f
m

∇ · [fm(r)S(r)] dr−
∫

f
m

[∇ · fm(r)]S(r)dr. (39)

Using of the divergence theorem the first term on the right-handside can be converted
to a surface integral,∫ ∫ ∫

V

∇ · [fm(r)S(r)] dr =

∫ ∫
S

n · [fm(r)S(r)] dr. (40)

If the bounding surface is large enough then fm(r) vanishes, thus the above expression
goes to zero. The remained second part can be reformulated,∫

f
m

fm(r) · ∇S(r)dr = −
∫

f
m

∇ · fm(r)
∫

f
n

∇′ · f(r’)G(r,r’)dr’dr. (41)

Substituting (41) to (35) yieds the following form for the EFIE matrix elements,

zmn =

∫
f
m

fm(r) ·
∫

f
n

fn(r’)G(r,r’)dr’dr− 1

k2

∫
f
m

∇ · fm(r)
∫

f
n

∇′ · f(r’)G(r,r’)dr’dr.

(42)

To solve the above equation triangle basis functions have been applied. The illustration
of the basis function can be seen on Figure 8.
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Figure 8: Triangle basis functions

By using triangle functions the wire can be divided into N segments which length are
∆l, thus N − 1 basis test function can be created.

zmn =

∫
f
m

fm(l)t(l) ·
∫

f
n

fn(l′)t(l′)G(r,r’)dl′dl− 1

k2

∫
f
m

ḟm(l)

∫
f
n

ḟn(l′)G(r,r’)dl′dl,

(43)
where fm(l) and fn(l′) are scalar triangle functions expressed in terms of parametrized
wire location l, t(l) and t(l′) are the associated wire tangent vectors. The elements of the
matrix can be calculated by using an M -point Gauss quadrature [12],

zmn =
1

4π

M∑
p=1

M∑
q=1

wp(lp)wq(l′q)[fm(lp)fn(l′q)t(lp) · t(l′q)− 1

k2
ḟm(lp)ḟn(l′q)]

e−jkRpq

Rpq
,

(44)
where Rpq =

√
|rp − r’q|+ a2. The excitation can be described by the following vector

elements [12],

bm = − j

ωµ

∫
f
m

fm(l)t(l) · Ei(l)dl. (45)

The above expressions can be solved by using MATLAB software environment or by
using the free 4NEC2 software package [24]. To check the numerical results about the
Koch curve based dipole antennas, simulations have been done in the FEKO Lite environ-
ment [10], which also use the method of moment, and measurements have been prepared
in a full anechoic chamber.

3. Results and comparison

The zeroth iterational antenna, which is the dipole has been examined by using the Pock-
lington integral equation, the finite element method in the COMSOL Multiphysics en-
vironment, the ATW EFIE method and the FEKO Lite software package. With these
numerical techniques the input impedance has been calculated and the results have been
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compared. In Figure 9 the real part of the input impedance can be seen. It seems that
the outcome of the COMSOL Multiphysics software package differs a bit from the other
results at high and low frequencies, because in the finite element method boundary con-
ditions must be defined at the artifical far bundary, which can modify the antenna param-
eters. The curves calculated by using the method of moment are practically the same.

Figure 9: Real part of the input impedance

The imaginary part of the input impedance can be seen in Figure 10, where a similar
difference can be observed.

To check the numerical results the measurement of the reflection coefficient has been
prepared in a full anechoic chamber and has been compared with outcome of the simu-
lations. The comparison of the reflection coefficients can be seen in Figure 11. It can
be observed that the results calculated by moment methods are practically the same as
the measured data. At higher frequencies a slight difference can be seen, because of the
installation capacitances in the measurement. The result of the finite element simulation
differs from the other curves in this case, as well. It can be stated that the integral equa-
tions provides more precise results than the finite element method in the case of simple
antennas.

From the zeroth to the fifth iterational Koch curve based dipole antennas have been
simulated by the ATW EFIE method to examine the behavior of the impedance and the
resonance frequency. In Figure 12 the real part of the impedance can be seen after dif-
ferent number of iteration of the Koch curve. It can be observed that the peak value of
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Figure 10: Imaginary part of the input impedance

Figure 11: Reflection coefficient of the antenna
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the curve is increasing and the position of the peak is decreasing in the function of the
iteration number.

Figure 12: Real part of the impedance

A similar tendency can be seen in Figure 13 where the imaginary part of the input
impedances are presented. The peak values are increasing and the frequency of the peak
is decreasing in the function of the iteration number.

The reflection coefficient can be seen in Figure 14 where the changing of the resonance
frequency caused by the iteration number has been examined. It seems that the resonance
frequency of the antenna is increasing when more iteration is applied on the Koch curve.
The resonance frequency of the fifth iterational dipole is about 550 MHz which is equiva-
lent with the resonance frequency of a 27 cm long standard dipole antenna. In this context,
after five iteration the size of the Koch curve based dipole antenna is less than the half of a
standard dipole antenna. It is important to note that the reflection coefficient is calculated
with 50 Ω load impedance, in which case the best math is achieved by the third iterational
Koch curve based antena. Nevertheless, in several cases, for example in RFID systems
[8], complex impedace of antennas have to be produced for the perfect matching. The
impedance of Koch curve based dipole antennas can be modified by the iteration number,
by the length and by the angle between the components of the Koch curve, thus a required
complex impedance can be achieved.

In Figure 15 the comparison of measured and simulated reflection coefficients can be
seen in the case of the standard dipole, the first and the second iterational Koch curve

407



Vol. 4. No. 3. 2011 Acta Technica Jaurinensis

Figure 13: Imaginary part of the impedance

Figure 14: Reflection coefficients of the dipoles

408



Acta Technica Jaurinensis Vol. 4. No. 3. 2011

based dipole antenna. The simulations have been prepared by using the FEKO Lite soft-
ware and the ATW EFIE method. It is observable that in the case of the dipole (K0) the
simulated and the measured results are practically the same, the difference at higher fre-
quencies is caused by the installation capacitance. The measurement of the first and the
second iterational antennas shows a slightly different results, because in the practice the
the copper wire can only bend with a small radius, which causes a small modification in
the geometry. Even so, the measured and the simulated data are almost the same.

Figure 15: Comparison of measurements and simulations

4. Conclusion

Koch curve based dipole antennas have been simulated by methods of integral equations
and the finite element method. The ATW EFIE method and the Pocklingon integral equa-
tion have been deduced and implemented in MATLAB environment, and a finite element
model has been built up in COMSOL Multiphysics software package to prepare the sim-
ulations. Prototype antennas have been made and have been measured in a full anechoic
chamber, then the simulated and the measured results have been compared. The input
inpedance, the reflection coefficients and the changing of the resonance frequency have
been examined in the function of the interation numbers of the Koch curve. The exami-
nations showed that the size of dipole antennas can be significantly reduced by applying
of the fractal geometry. For examlple a fith iterational Koch curve based dipole antenna is
less than the half of a standard dipole antenna. By the modification of the iteration num-
ber, the length and the angle between the components of the Koch curve the impedance
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of the antenna can be set. After all, it has been presented that Koch curve based dipoles
are good option despite of standard dipole antennas, because of their good size reduction
and impedance matching opportunity.
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