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Abstract: The concept of fuzzy signatures was introdneed to help model the many 
complex and weil stmctured problems, where a hierarchical structure 
witllin the observed data is present This means that one or several 
components of the stmcture can be determined at a higher level by a sub
tree of other components. In this way, the data components can be 
represented in tree form. examining the problem, an arbitrary structure 
belonging to the data set can be deternlined. Due to the tact that some 
components might be missing from a data element, the actual tree 
structures of the data may slightly differ. So that these data can be 
evaluated and compared, aggregation operators are given for each node in 
the arbitrary stmcture for the purpose ofmodifying the stmcture. To model 
problems with this type of dataset, fuzzy signature based rules can be 
constructed. lnferring a coneiusion from such a model is a key issue. In this 
paper fuzzy signature based rule bases will be introduced, then the 
generalization of the widely used Mamdaní-type fuzzy inference system for 
fuzzy signature based rules will be presented step-by-step. Furthennore, a 
working software implementation of the generalized Mamdani-type 
inference systems will be presented. The software will be demonstrated 
through a possible application of the system on a realistic example. First, 
the problem's fuzzy signature model will be constmcted, and then the 
process of inference for an observation wi th some missing data components 
will be shown. 

Keywords: fuzzy signatures, Mamdan i-type inference 

1. Fuzzy Signatures 

1.1. Introduction 

In 1967 Goguen introduccd L-fuzzy sets [2] as the generalization of the original concept 

of fuzzy sets, which were introduccd by Zadeh [12] in 1965. L-fuzzy membership 

grades are elements of an arbitrary lattice L: 
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AL: x -0 L, V x E X. (l) 

In 1980 vector valned fuzzy sets were introduccd [3], which arc special L-fuzzy sets, 
where in this case L is the lattice of n-dimensional fuzzy vectors, L = [O, 1 ]" in (l). This 
means that instead of assigning a single membership grade to each element of X, as is 
done when defining original fuzzy sets, a set of quantitatíve features are assigned to 
each element of X in vector valned fuzzy sets, this way providing additiorral information 
about that specifi c clemen t of the domain. 

Fuzzy signatures were introduccd in 1999 [4], as a generalized form of vector valued 
fuzzy sets, where each component of a vector assigned to an e lement of X is possibly 
anather nested vector. This genera!ization can be continued to any finite depth, forming 
a signature with depth m. 

[ ]
k {[0,1] {[0,1] . -

A,.: x-+ a, .. _.,a,.= [ ]k , a_.,·= [ _· ]k.--, Vx E A. . • , 1"'-l a .. l ! a . . ,, 
U j~l l 111 H 

(2) 

The structure of fuzzy signatures can be represented in vector forrn (as in the definition 
and also in a tree structure ( each nested vector in the definition is represented by a 

sub-tree ). An example of these structures can be seen in Figure l. 

.1= 

Figure l. The tree structure and the vectorform of an example fuzzy signature 

Fuzzy signatures can be considered as special, multidimensional fuzzy data, where 
some of the components are interrelated in the sense that a sub-group of variables 
deterrnines a feature on a higher level. This way the additiorral infonnation contairred 
within the complex and interdependent data components can be stored in the structure. 
The comparison ( e.g. calcula ti on of the degree of matching) of sue h structure d data can 
be carried out more effectively when the data's structure is also taken into account 
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Often the information available to experts can de depicted by slightly different 
structures, furthermore the structure of the actual observation can al so differ. However, 
the experts of the certain field have to make their decisions based on the available 
information. These dissimilar structures can be dealt with when using fuzzy signatures. 
The great advantage of fuzzy signatures lies exactly in this property that they can deal 
with differently structured signatures. 

In addition, by using signatures, the problem's model can be organized into a hierarchic 
system [11], which is very similar to the way human experts think. Hereby fuzzy 
signatures could be used to model such areas like decision support systems in the 
medical field, where the physicians thernselves take into account many data 
cornponents, with possibly different signature structures to make their decisions. 

Itisoften the case that no information is available about some elements of the model. In 
the conventional data mining processes, during the preparation phase, data with missing 
entTies are eliminated, because such data cannot be handled by the model builder. 
However when modeling with fuzzy signatures, these data do not have to be eliminated 
from the dataset The importance of fuzzy signatures is exactly this: that they can cope 
with cases when some elernents of the original structure are not present 

1.2. Fuzzy Signature s(~ts 

The basic structure of fuzzy signature se ts is similar to that of fuzzy signatures, the o nl y 
difference being that instead of having fuzzy variables on the leaves of the structure, 
membership functions are present (see Figure 2). The only constraint for the 
membership functions is that their domain rnust be the [O, 1 J intervaL 

Figure 2. The tree structure and the vector form of an examplefúzzy signature set 

1.3. Structure Modification: Aggregation Operators 

The advantages of fuzzy signatures lie in organizing the available data components into 
a hierarchy. This hierarchy deterrnines the arbitrary stmemre of our fuzzy signature 
observations. As some of the components of this arbitrary structure might be missing 
from the specific observations, some kind of structure modifying operation is essential 
when comparing these differently structured signatures. 
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Aggregation operations result in a single fuzzy value calculated from a set of other 

fuzzy values, while satisfying a set of axioms. The most common operators are the 

maximum, minimum and arithrnetic mean operator. 

Aggregation operators can be used to transform fuzzy signature structures by reducing a 

sub-trec ofvariables to their parent node. It is necessaty to mention that only whole sub

trees of the structure can be reduced. The fuzzy value (or fuzzy set) assigned to the 

parent node is calculated by aggregating the values (or fuzzy se ts) of í ts children 

using the aggregation operator of the parent node. This way, the d ep th of this branch of 

the sttucture is redneed by one. 

This procedure can only be performed when all elements of the aggregated sub-tree are 

leaves of the stmcture and have an as signed value. If one of the elements of the sub-tree 

branches out into a sub-tree of its own, in order to reduce the whole sub-tree to the 

original parent node, first the sub-sub-trec has to be reduced to its parent node (which is 

the child node of the original sub-tree's parent node) by aggregation. After performing 

the aggregation, the oríginal sub-tree can also be reduced. 

For example, to reduce the sub-tree of node X;, first the sub-tree of node x0 has to be 

aggregated. The value obtaincd can then be used when calculating the aggregatc value 

from the sub-tree of x1• This rccursive is shown in Figurc 3, w here @i elenotes 

the aggregation operator of node x1• 

Figure 3. Recursion used to reduce a sub-tree with several 

Because of the se terms, when reducing a signature to a predefined stmct1u·e it is >Vise to 

use a bottom-up method. This means to start the reduction from the leaves of the 

structme and work yom way up one sub-tree at a time towards the intended structure. 

Aceording to the definition of fuzzy signatures, aggregation operators define the 

connection between a component, and its sub-components, therefore the aggregation 

operators are not necessarily ideutical for all the nodes of the structure. Finding the 

relevant aggregation operator for each node is a very important problem of fuzzy 

signatures, because when comparing two signatures, the obtained results may greatly 

depend on the aggregation operators used to reduce the signatures to a common 

structure. 

It is also important to mention that when reducing a signature's sub-tree, some 

information is lost in all cases, because the calculated aggregated value can be the same 

for many different values and differently structured sub-trees. 
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1.3 .l. Aggregation on Fuzzy Se ts 

In order to reduce fuzzy signature sets to a different structure aggregation has to be 
generalized to work not only on fuzzy values but on fuzzy sets as well. 

When aggregating fuzzy sets, the membership values for each element x of [0,1] (the 
dmr..ain of the fuzzy sets on the leaves of the structure) are calculated for all the fuzzy 
sets which are subject to the aggregation. The original aggregation operator is then used 
on these membership values to obtain the aggregated membership value belonging to x. 
Let the fuzzy sets in the sub-tree be A;. The membership function of the aggregated 
fuzzy set G is given in (3), where h denotes the aggregation operator. 

G= h(A,,A2 , ••• ,Ak) 

'li x E [0,1] Jlc(x) =h {uA, (x), f1A, (x), ... , f1A1, (x)} 
(3) 

The aggregation of two fuzzy sets (A 1 and A;) is shown in Figure 4. In the example, the 
aggregation operator is the arithmetic mean opera tor. The re suiting fuzzy set ( denoted 
by G) is marked with a broken line. 

/r-----\ /' Al ) / ~-\2 
G,' x, \ l ___ ,' /1',_ __ , \ 

' / /' l \ \\ 
l l/ / \ '.\ 
L ___ ,~, -f---, --t-,-~ x 
O 0.1 0.2 0.3 04 0.5 0.6 Ol O B 0.9 1.0 

Figure 4. Aggregation ofnvo fúzzy sets wi th the arithmetic mean operator 

1.3.2. Weighted Relevance Aggregation Operator 

With the introduction of weights [6] for each node of the fuzzy signature structure 
additional expert knowledge about the field can be contained within the model. The 
relevance weight depicts how relevant a node is in its parent's sub-tree. The weights of 
the nodes are taken from the [O; l] interval, and it is not necessary for the weights of the 
leaves in a sub-tree to add up to l. A method for learning weights was shown in [7]. 

The most general form of aggregation operators is the Weighted Relevance Aggregation 
Operator (WRAO) introduccd by Mendis et al. in [8]. The values and weights belonging 
to each child l in the sub-tree are denoted by x1 and w1 respectively. The definition of the 
WRAO is as follows: 

(4) 

where p is the aggregation factor of the above function. (p E g:{, p* O) 

The well-known aggregation operators are ali special cases of WRAO depending on the 
value of p in (4). 
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p 4> -oo, WRAO 4> minimum 

p = -l, WRAO = harn10nic mean 

p 4> O, WRAO 4> geometric mean 

p = L WRAO = arithmetic mean 

p 4-oo, WRA04> maximum 

2. Fuzzy Inference Systems 

2.1. Fuzzy Rules and Rule Bases 

Vol. J. No. 3. 2008 

Fuzzy rules are formulated as If... then ... rules, where the If ... part is called the rule 

antecerlent and the then ... part is the rule consequent. In the antecerlent part of the rules 

there can be numerous input variables (xi), while in the consequent part there is 

generally only one output variable. The antecerlent part of the rules is formulated by 

either linguistic terms or convex and normal fuzzy sets (one for each input variable); the 

consequent is also defined wi th a linguistic term or a membership function. 

The general form of a multiple input, single output fuzzy rule is the following: 

R: Ifx =A then y= B, (5) 

where x= <X J, ... ,Xn> the set of input variables, whose domain is X= X1 x ... xXn, XjEJ0. A 

= <AJ, ... ,An> is the vector of the antecerlent fuzzy sets for each variable, A EX. The 

output variable of the rule is y over the domain Y. The consequent of the rule is fuzzy 

set B, where B E Y. 

For example in a fuzzy system developed for use in a fuzzy air-conditioning system, a 

fuzzy rule could be the following: If 'air temperature' is warm and 'air humidity' is high 

then 'air-conditioning' is little. Of course the linguistic variables used in this example 

first have to be defined. 

To descríbe a system, experienced human operatorsin the given field may set up many 

linguistic control rules such as the one shown above. A rule describes the expected 

behavior of the system for certain groups of inputs. The defined rules belonging to a 

system are grouped to form a fuzzy rule base from which conclusions can be inferred. 

2.2. Mamdani-type Inference Systems 

Fuzzy rule based models were first proposed by Zadeh in 1973 [13] and were later 

impJemented practicany with some technical innovations achieving the reduction of 

complexity by Mamdani and Assilian in 1974 [5]. This so-called Mamdaní-type 

illference system is the most widely used inference system today. The knowledge 

ga thered in such a system is stored in a fuzzy rule base (as described in the previous 

section). 

Fuzzy inference systems calculate a crisp output from a set of input fuzzy variables 

using the model of the system. If the inputs are not fuzzy variables, the input values (x i) 

first have to be fuzzified over the universe of the specific input variable (Xi)· 
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Fuzzy inference systems are usually made up of the following four main components 
(see Figure 5): a fuzzy rule base, a component calculating the degree of matching, a 
fuzzy inference engine and a defuzzification component. 

Fuzzy l 
rule base J 

Figure 5. Fuzzy iriference system black diagram 

The component calculating the degree of matching computes the degree of matching 
between the observation of the input variables) and the antecedent of a rule. The 
fuzzy inference system deterrnines a consequent fuzzy set using these values. To obtain 
a crisp output the consequent fuzzy set is defuzzified using the defuzzífication 
component. 

2.2.1. Calculating the Degree of Matching 

As the first step of the inference, the degree of matching of the input and eae h mle has 
to be computed. For this each of the input vector has to be matched with the 
corresponding component of the antecedent vector of each mle. Let the n-dimensional 
input vector be A'. The degree of matching in the /h dirrrension between the th rule and 
the input is marked by wi, i in (5). In the equation A' marks the l dimensional input 
fuzzy set and Ai1 marks the antecedent fuzzy set of the rule in the/' dimension. 

r r , \ • 
wiJ =max( mint. A1 ),A1.Jx)J J (5) 

Figure 6 also illustrates the calculation of the degree of matching between two fuzzy 
sets (shown in (5)). 

~(iC) 

Figure 6. Determining the degree olmatching oftwo fuzzy sets 
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When the system's input is a vector of crisp values (x'), then Equation 5 alters in the 
follawing way: 

(5') 

where x j is the j'h dimension of the crisp input vector. 

After detemlining the degree of matching (wi;) in each dimension, the degree of 
matching also has to be calculated for the whole antecedent, because the degrees of 
matching in each diroension of the rule affect the overall match of rule R; along with the 
output. The overall degree of matching between rule R; and the input is obtained by 
taking the nlinimum of the values calculated for each dimension, as shown in (6). 

(6) 

The degree of matching w1 gives the extent of the influence that rule R; has on the 
coneJusion drawn for the given input. 

The above process is repeated for all rules R; (i= I, ... ,r) in the rule base, so that all the 
degreesof matching (w], ... , w,.) are produced. 

2.2.2. Mamdaní-type Interence 

The inference engine uses the previously calculated degrees of matching to infer an 
overall coneiusion for the given input 

First the conclusion set ( denoted as B';) be longing to eae h mle R; has to be 
deternlined, taking the t-norm of the original output fuzzy set of the rule (B;) and the 
degree of matching between the rule antecedent and the input (w;). The t-norm used in 
Mamdaní-type inference systemsis the minimum operator, as shown in (7). 

(7) 

Figure 7 shows the who le inference process ( calculating w; and B'; as well) on rule R; 
with a crisp input. 

Figure 7. The coneiusion of a ru le 

Next the final conclusion fuzzy set belenging to the whole mle base is generated by 
taking the s-norm of all the condnsion fuzzy sets calculated for each rule in (7). The s

norm used in the Mamdaní-type inference systems is the maximum operator, as shown 
in (8). 

r 

B'(y) ""max B;(y) 
i=1 

(8) 
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A complete inference process with a crisp two dimensional input (x'= (X'1, x'2>) and 
two rules in the rule base (r= 2) ís shown in Figure 8. 

Figure 8. A complete iriference process 

2.2.3. Defuzzification methods 

At the end of the inference process a conclusion fuzzy set (B '(y)) is obtained, although 
in most cases a crisp value is expected as the output of the fuzzy system. This means 
that the crisp value which best characterízes the coneiusion has to be determined. This 
process is called defuzzification. 

There are rnany different methods of which the Center of Area (COA) is the most 
widely used. 

The Center of Area of a fuzzy set can be calculated using the formula in (9). 

(9) 

The disadvanta ge of this method is that the integrals are hard to compute when dealing 
with complicated fuzzy sets. 

~(x) 

Figure 9. Defuzzification with the Middle ofMaximum method 
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The Middle of Maximum (MOM) method defines the defuzzified value of the fuzzy set 
as the average of the base values whose membership values are maximaL This method 
isbest illustrated by Figure 9. 

3. Fuzzy Signatures in Rule Bases 

The general form of a fuzzy rule is the following: 

If x is Ai then y is Bi, 

where Ai is the rule antecedent, Bi is the rule consequent, x is the observation and y is 
the conclusion. This rule can be extended to funcdon on fuzzy signatures too, as it was 
shown in [9]. 

The rule antecedent, Ai can either be a fuzzy signature set or simply a fuzzy signature 
singleton, keeping in mind that for all the rules in the fuzzy signature based rule base alJ 
the signatures have the same arbitrary structure and the corresponding aggregation 
operators are uniform for e very rule. 

The consequent partsof the rules remain fuzzy sets. 

The observation A ' is either a fuzzy signature singleton or a fuzzy signature set. The 
stmcture of the observation can be obtained from the arbitrary structure used in the rule 
antecedents by removing some leaves or even whole sub-trees. This indicates that some 
information might not be available in our observation. 

Signature A ' is obtained from the original fuzzy singleton or fuzzy set observations by 
normalizing the domains on each leaf of the signature. 

4. Mamdani InJerence in Fuzzy Signature Based Models 

To infer a coneiusion from a signature based rule base for an observation given in 
fbzzy signature fonn, a modified version of the original inference algorith.m introduccd 
by Mamdani [5] was given in [9]. 

The modified algorithm consists of three main steps. First the degree of matching 
between the observation and each mle in the ru! e base is calcula ted. In the second step a 
fuzzy set is interred from the consequents of the rules based on the previously 
calculated degrees of matching, like in the original algorithm. In the third step the 
conclusion is obtained by applying a defuzzification method known from literature on 
the previously inferred fuzzy set. 

Compared to the original Mamdani method, only the first step, where the degree of 
matching between a fuzzy signature observation (A ') and the fuzzy signature rule 
antecedents (A;) contains a novel approach, so this step will be discussed in detail. 

4.1. Calculating the Degree of Matehin g 

This step can be further divided into three sub steps, which are the following: fiuding 
the common structure, constructing the signature representing the degree of matching 
and then calculating the degree ofmatching. 
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4.1.1. Fiuding the Common Structure 

In order to compare two signatures which have the same arbitrary structure, but whose 
structures ditfer slightly, first the common structure of the se signatures has to be found, 
then both signatures have to be reduced to this new structure using aggregation (see 
Figure 10). 

The signature of the observation 

Figure l O. The fargest common structure of two signatures 

The common structure of two fuzzy signatures is defined as the maximal common sub
tree of the structures to which both structures can be reduced using aggregation [10]. 
This structure can be defined by performing width-first search (WFS) simultaneously on 
both tree structures. ln the algorithm the common structure of two signatures ( denoted 
by Sl and S2 respectively) are obtained. 

At the start of the algorithm the root node is added to the search queue, which is denoted 
by Q. The first step consists of taking the first node in the search queue and nauring it 
act (short for actual node). In the second step, the lis ts of indexes of the children of the 
actual node in both signatures (S 1 andS2) are queried from the respective fuzzy 
signatures. Al! nodes of a signature are denoted by an index, which is obtained by 
concatenating the ordinal number of a child node to its parent' s index. The index of the 
root node is ''. 

The lists of children's indexes are denoted by cl and c2 respectively. At this point two 
cases are possible: either the number of children in the two lists is equal, or it is not. In 
the first case, if the indexes contairred in the lists are also the same, the actnal node is 
added to the con:unon structure and the children in the lists are added to the search 
queue of the WFS, because they also have to be inclucled in the search. However, if the 
indexes in the lis ts are not the same or the number of children of the actual node differs 
in the two signatures, then the actual node is added to the common structure, but no new 
nodes are added to the search queue. This means that when reducing the signatures to 
their maximal common structure using the aggregation operators, the value of the actual 
node will have to be aggregated from the values contained in its sub-tree in at least one 
of the signatures. 

While there are still nodes in the search queue, the WFS continues from the first step 
described above, else the algorithm exits. The largest common stmcture of the two 
fuzzy signatures is now defined. The flowchart of the algorithm is shown in Figure 11. 
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J l. Flowchart the common structure signatures 

When the largcst common structure of the observation and the rule antecedent has been 
uv.uH'._u, both the signature of the rule antecerlent and the signature of the observation 
have to be redneed to this largest corrnnon structure using the aggregation operators 
assigned to cach node in the arbitrary structure. The signatures of the mle antecedent 
and the observation after the reduction are denoted by A/'J and A ,r,y respectively. 

4.1.2. Constructing the Signature Representing the Degree ofMatching 

At this point, the signature structures of the mle antecedent and of the observation are 
identical, which means that they have the leaves of their structures at the same levels. 
This means that the indexes of the leaves of both structures are the same. Let us refer to 
the leaves at equivalent levels as corresponding lea ves. 

The signature representing the degree of matching ( denoted by M;) between rulc R; and 
the observation has the same structure as the largest common structurt~. The values on 
its leaves are obtained by calculating the degree of matching between the correspondi ug 
leaves of the two structures. This is done by applying the formula in (l O), where l; 
denotes a leaf with index} and A(lJ denotes the value on leaf li of fuzzy signature A. 
The function W(x1,y1) gives the degree of matching between two corresponding lea ves. 

V leaf l1, M;(l) = w(A'(r) (l), Air\!)) (10) 

Figure 12 iliustrates the construction of the signature representing the degree of 
matching. 
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Figure 12. Constructing the signature representing the degree of matching 

The degree of matehin g between two fuzzy se ts is the maximal value of the t -norm (in 
this case the minimum operator is used) of the two membership fu.nctions (as seen in 
Figure 6). For defining the degree ofmatching between a fuzzy set and a crisp value, the 
membership grade of the giverr fuzzy set has to be takerr at the specified crisp value. 
The degree of matching of two crisp values can be obtained by calculating the 
equivalence between the two values. In our work, the formula giverr in (ll) was used, 
where c is a fuzzy complement, t is a t-norm andsis an s-norm. Zadeh's operator triplet 
(l-x, minimum, maximum) was used. 

w(xi, y;)= s(t(x1,yJ t(c(x), c(y;)))= max(min(x1, y J min(l- xr l- )) (ll) 

4.1.3. Calculating the Degree ofMatching for Rule Ri 

The degree of matching between the observation and rule Ri is obtained by reducing the 
signature representing the degree of matching (M;) that was constructed in the previous 
section to its root node. The aggregation operators defmed in the arbitrary signature 
structure assigned to the original fuzzy signature based rule base are used in the 
aggregation. Also the relevance weights specitied for the nodes in the arbitrary structure 
may be used. 
The degree ofmatching between the observation and rule R; is denoted by W;. 

4.2. Inferring the Consequent Fuzzy Set 

After the separate degrees of matching between each rule of the rule base (R;, i= l, ... ,r) 
and the fuzzy signature observation (A ') has been obtained ( these degrees are denoted 
by w~> the final coneiusion is calculated in the same way as in the original 
Mamdani method (see Section 2.2.2). 

4.3. Defuzzification 

As the result of the fuzzy signature based inference, a conclusion fuzzy set is obtained. 
If a crisp output of the system is expected, then this fuzzy set has to be defuzzified usíng 
one of the methods given in Section 2.2.3 

5. Software Implementation 

A software capable of performing interence in fuzzy signature based ru.le bases was 
implemented using the Java programming language. This software can store some basic 
types of fuzzy sets, it can handle fuzzy signature arbitrary structures (with aggregation 
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operators and relevance weights for each node) and fuzzy signature based rules. 
Generalized Marodani-type inference can be executed automaticany for a given 
observation based on the previously allocated rule base. The result of the inference 
(including the coneiusion fuzzy set and its defuzzitication) is visualized. 

A graphical user interface facititating the software's usage is also available. 

5.1. Description of the Main Components 

5.1.1. Fuzzy Sets 

In the software implementation piecewise linear fuzzy sets can be specitied by detining 
the breakpoints of the membership function. The break points are stored in a table, to 
which new break points can be added one by one. The actual membership function can 
be visualízed at any point. 

- Membersh1p functJoo ed1tor ~:-]~~J 
FHe 

BfeakP<Jints 

Create new membership functlons 

o 0.1 0.2 0.3 0.4 0.5 0.6 o 7 0.8 0.9 1 

NOTE: QoW doublesin the ID,1]1ntervai ore occepted. The correctform ls e.g. 0.4. 

Figure 13. The membership jimction editor and viewer 

5.1.2. Arbitrary Structure ofFuzzy Signatures 

To defme the arbitrary structure of the fuzzy signatures involved in the system, the 
structure itselfhas to be built (from the root downwards), by specifying the number of 
children of each node. When specifying this number, the aggregation operator and 
weight of the node can also be detined. The arbitrary structure cannot be sa ved until an 
aggregation operator and a relevance weight have not been specitied for all nodes. 

In the software only Weighted Relevance Aggregation Operators can be specitied for 
each node, by detining the aggregation factor p in Equation 4. 
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file 

K3 

x 4 

x11 
x12 

x 222 
x223 

x23 

x31 
x32 

Properties of node M22 

Number of chHdren {0 ~lea!) 

Aggregation operator (double) o o 

Weight (double in tho[0;1] inteMlll 'l o 

Savenode 

i8n1$f~inin f0r1h8' rr;fOúrl'uffiáiJfirB9iltíO'n őP8rator 
tenter maxforthe maXimum aggregation operator 
len1e(.·1 forthe h arrnome mean operatar 
:enter J) forthe geometric mean- o.perator 

~~~[ 1.!~.~ 1.t~~a. ~.~!thf!l~~~ .. ~-~!r~" QP~X!tqf····-·· 

Figure 14. A rbitrary signature structure editor 

5.1.3. Fuzzy Signature Based Rules 

Fuzzy signature based mles can be defined in the software implementation by 
specifying the mle antecedent (a fuzzy signature) and the consequent (a fuzzy set). 

ru!e 1: AnteGedent: 

ru! e 2: Antecedent: signatm e set Consequent: B edit 

C€!usequent A 

mle 4: Arrtece:OOm: signature singleton Consequent: C edH: diGlate 

Create new rule 

AnteLedent stru[ture Antecedent values 

X1 Value on ieafx21: .5 
x11 
x12 

x 2 
<21 

RemO\I'e se!ecte~ node and h:s subtree 

x23 
f,r X3 Restore node to original 

xo 

Change fuzzy signature type 

conseqmmt: c 

Save rule 

Figure l 5. Fuzzy signature based ru le base editor 
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When creating a new rule, either a fuzzy signature set or a fuzzy signature singleton can 
be chosen as the rule antecedent. The arbitrary structure of the antecedent fuzzy 
signature is a giv en, but if not allleaves or sub-trees are needed, then they can be easily 
deleted from the structure. After the desired structure has been obtained, a fuzzy set or a 
fuzzy value has to be specified for all the leaves ofthe modified stmcture, depending on 
the type of the fuzzy signature. 

5.1.4. Fuzzy Signature Observation 

A fuzzy signature observation can either be specified as a fuzzy signature set, or a fuzzy 
signature singleton. The arbitrary structure of the observation is also a giv en, but some 
leaves or sub-trees may be deleted if they a re not needed, which means that they could 
not be observed in the specific observation. 

File 

'f x 
'1' x1 

xi 2 
Y 2 

x21 
~ x22 

x3 

X 4 

X:l1 

x32 

Figure 16. 

llalue ~" le..rx11: ll 

Change fuzzy signature ~YPe 

Sa.re fuzzy signature observation 

signature ob.~ervation editor 

5 .l. 5. Generalized Mamdani-type Inference 

After alJ the rules have been added to the rule base, and the observation is specified, the 
inference process can be launched, The software calculates all the degrees of matching 
which it then uses to compute the conclusion fuzzy set. A crisp condnsion is also 
computed. 
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On the graphical user interface the degrees of matching, the coneiusion fuzzy set and 
the crisp coneiusion can ali be seen (as shown in Figure 17). 

6. Application on a Realistic Example 

The use of the extended Mamdani-method in fuzzy signature based models will be 
shown in the follawing problem taken from the construction industry (see also [l]). 
In Hungary there are many road bridges, whose state differs greatly when taking into 
account their age, width, structural properties and so on. The sebeduling of maintenance 
on tl1ese bridges is a very important task To be able to detenninc the importance of 
intervention, many constant parameters have to be stored, while the variable parameters 
have to be measured on a regular basis. For each bridge a set of parameters are 
available, where the data components can be erganized into a hierarchy, in this way 
fuzzy signatures can be used for modeling this problem. 

6.1. :Fuzzy Signature Model 

For modeling the given example with fuzzy signatures, first the arbiirary signature 
structure characterizing the problem has to be determíned from the available parameters, 
while taking into account the expert knowledge about the problem. Secondly the 
domainsof the parameters and the respcetíve fuzzy sets which will be used in the model 
have to be assigned. Then fuzzy signature based rules have to be built using the 
previously coroputed input-output pairs, which were eletermined using expert 
knowledge. When the rules in the mle base have been set, an observation representing 
the actual state of a bridge can be given, and a coneiusion tor this bridge can be 
calculated, which gives the importance ofmaintenance on the given bridge. 

6.1.1. Arbitrary Structure 

The information available about a bridge can be divided into three main groups. The 
first group of parameters defines the overall state of the bridge, the second group 
defines the service level, while the third group contains parameters defining the 
sensitivity of the structure. These featurcs define the flrst level of the fuzzy signature 
arbitrary structure (nodes X j, x 2, x, in Figure 18). 

The overall state of the bridge can be typified with five components, which are the 
followíng: 

• state of the upper-structure: quality of the bridge and the bearer, etc. 

• state of the substructure: quality ofthe foundation, the stanchion, etc. 

• state of the deck: quality of the tarmac and other elements used by traffic 

• state ofthe fittings: quality ofthe railings, steps, etc. 

• state of the surroundings: quality of the road signs and public utilities taken 
across brídge 

These features define the sub-tree of the node defi.ning the overall state of the bridge 
(x1), and are marked by nodes x 11, x 12, x13, x 14, x 15 in Figure 18. These features could 
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have sub-trees of their own, in this way giving more specitic infonnation of the state of 
the bridge. 

The service level of the bridge can be represented by two components, the load bearing 
and the wid th of the bridge. These features define the sub-tree of the node defining the 
service level of the bridge (x:), and arc marked by nodes x11 and X:c respectively in 
Figure 18. 

The sensitivity of the structure of a bridge can be given using three components, the 
maintenance technology, the age and the sensitivity of the material of the structure. The 
maintenance technology in this case defines the rate of the use of salt in winter. These 
three features define the sub-tree of the node defining the sensitivity of the stmcture 
(x 3), and are marked by nodes x31 , x3.: and x 33 in Figure 18. 

The arbitrary fuzzy signature structure of the model can be seen in Figure 18. The 
aggregation operators and the reievance weights of the nodes w ere adjusted by an expert 
in the given field (ef [I]). 

Figure 18. Arbitrary fuzzy signature structure 

6.1.2. Domains and Fuzzy Sets 

To describe the components of the fuzzy signature structure, linguistic fuzzy variables 
(and their respective membership functions) need to be defined over the specific 
domains of eae h component. The domains and fuzzy sets specifi ed for each component 
are not necessarily different. 

As mentioned when introducing fuzzy signature sets, the fuzzy sets on the leaves of the 
structure have to be over the [O, 1] domain, therefore the domains of each component of 
the arbitrary fuzzy signature have to be normalized to the [O, l] intervaL For example, 
the wid th of a bridge could be in the 300 cm to 7000 cm range. A bridge with a width of 
3000 cm could be described wi th a fuzzy value of 0.4 after nonnalization. 
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To describe, for example the state of a bridge, frve linguistic fuzzy variables may be 
used. These could be the following: "perfect", "good", "decent", "acceptable", and 
"bad". 

The output of the inference system, i. e. the írnportanec of maintenance could also be 
described by five linguistic fuzzy variables. These could be: "not necessary", "can be 
delayed", ''within 10 years", "within 3 years" and "immediately". The greater the fuzzy 
value, the more necessary the interventien is. 

6.1.3. Fuzzy Signature Based Rule Base 

In the example the fuzzy signature based rules used in the rule base were extracted from 
the input-output pairs receíved from the domain experts. These input-output pairs were 
detem1ined by taking a bridge with all its constant and variable parameters as an input, 
and determini11g the impmtance of maintenance using an algorithm defined by experts 
m the bridge maintenance field. 

The antecerlent parts of the fuzzy signature based rules found in the rule base are fuzzy 
signatures, as mentioned previously. The antecedent fuzzy signature can be constructed 
from the input set of variables by first determining the structure of the signature by 
taking into account which components of the arbitrary structure are present in the actnal 

When the structure has been set, the components have to be fuzzifred aceording to 
their domains used in the prcvious section, and the actual fuzzy signature has to be 
constructed. 

The consequent part of the rule is one of the fi ve fuzzy se ts mentioned above. For e very 
input, this coneiusion fuzzy set is the one that frts best the output calculated using the 

knowledge. 

When all input-output pairs were converted to fuzzy signatme based rule form, the mle 
base is generated. 

6.2. Infe:rence for an Example Fuzzy Signature Observation 

The example fuzzy signature observation for the fuzzy il1ference system will be 
specifred in fuzzy signature singleton form. Let us assume that the fuzzy signature 
model of the example is already loaded in the software. 

The bridge used for the observation can be described with the follawing set of 
parameters from which the necessity of mainterranec has to be deterrnined. 

The overall state of the bridge is only described by four parameters, because in the 
example no measurements were carried out regarding the state of the deck. The state of 
the upper-structure, the substructure and of the fittings is almost perfect, thus the values 
0.15, 0.1 and 0.12 are used to describe it. The state of the sUcrroundings is good, so the 
value 0.25 was used. 

The values describing the service level of the bridge can be calculated by taking the 
measured parameters and normalizing them over the [O, 1] domain. The load bearing of 
the bridge in the example is 40 tons, which is normalized to 0.44. The width of the 
bridge is measured as 750 cm, which is normalized to 0.56. 
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The parameters describing the sensitivity of the structure also need to be normalized. 
For the bridge used in the example, no information is available for the maintenance 
teclmology, so leaf x 31 is missing from the observation. The bridge in question was built 
in 1900, this date is normalized to O. The bridge was built from stone so the sensitivity 
of the material of the structure is defmed by the value 0.8. 

Once these values have been determined, the fuzzy signature singleton representing the 
observation can be built. The signature with the relevant values on the leaves of the 
structure, along with the fuzzy signature observation defmed in the software can be seen 
in Figure 19. 

0.15 

0.1 

0.12 

0.25 

0.44 

0.56 

ll fuzzy signdlurc observdtion eú1tor [SJ~~~ 
FUe 

? x 
? x1 

? x2 

x3 

x11 
x12 
x14 
X15 

x21 
ru; 
X32 
X33 

,--~---~-·-----, 

ReiJIO'IIe selecled node and ltS SUillree 

i. Change funy signature l)lpe i 

,----"--··~---------~ 

i save fUn:Y signature oliseNallon i 
' _,____! 

Figure J 9. Example fuzzy signature observation in tree form 
and in the observation editor 

After saving the fuzzy signature observation, the coneiusion is calculated by dicking a 
button in the implemented software. The window seen in Figure 20 appears. In the 
column on the left hand side, the degrees of matching between each rule antecerlent and 
the observation can be seen, while on the right the inferred fuzzy set and the defuzzified 
coneiusion for the given observation are shown. 
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The defuzzified value can be interpreted in a way that the maintenance of the giverr 
bridge is only necessary "within l O years". The coneiusion fuzzy set itself does not give 
such an unarobiguous result, as its support is very wide, and the values are about the 
saroe over the whole domain. 

The result of the inference is sensiti ve to any change made in the relevance weights or 
the aggregation operators specified for thenodesof the fuzzy signature structure. 

The generalized Marodani-type inference roethod for fuzzy signature based rule bases 
could be improved gready by developing a learning roethod for actjusting the relevance 
weights and the aggregation operators aceording to the available information stared in 
the input-output data pairs used to build the rule base. 

7. Conclusions 

In this paper the notion of fuzzy signatures was introduced and their main advantages 
were stated. The roost important operator, the aggregation operator used for structure 
modification was presented. A brief overview of fuzzy inference systerns was given and 
Mamdani-type inference systerns were shown step-by-step. After this, a way of defming 
fuzzy signature based models was given, and the generalized Marodani-type inference 
on fuzzy signature based models was introduced. A software capable of calculating a 
conclusion for a fuzzy signature observation was implemented. The use of the software 
was explained through a realistic example takerr from the bridge maintenance field. Our 
results show that the roethod gives acceptable results on the test cases, where rules with 
slightly differently structured rule antecedents were used in the rule base, and the 
signature of the observation was different too. This shows that the principles for 
structure modification and inference are fitting, although the results could be further 
improved by modifying c ertain parameters of the model (the relevance weights and the 
aggregation operators in the arbitrary fuzzy signature structure). In the future a method 
for learning these key parameters from the input-output pairs used for modelling could 
be developed and later implemented. 
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