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Abstract:  In machine design one of the most important questions is, can a structure can 
work normally or does it fail at a given loading. This question can be 
answered in a theoretical way by using well founded mechanical models. The 
article gives a brief summary on the theoretical basis of mechanical modeling 
of machine parts, i.e. a review of the classical mechanical modeling 
opportunities for machine parts of both isotropic and orthotropic materials. 
Finite element (FE) modeling opportunities will also be demonstrated within 
some industrial problems. 
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1. Introduction 
In machine design one of the main questions is to find the proper dimensions of certain 
machine parts so they do not fail. Solving this problem in a theoretical way one has to 
use failure criteria. Failure criteria are usually based on the knowledge of the strain and 
stress states of parts. Therefore the first task is to determine (at least approximately) the 
above states. 

x
y

z

O
pA

A
uA

dV
q

p n

dA

V m

 
Figure 1. A general shaped machine part
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Under normal working conditions machine parts usually have to remain in the elastic 
state. The strain and stress states of an elastic part or body can be determined by the 
governing equations of elasticity. These governing equations are a set of partial 
differential and algebraic equations that one can divide into the following groups [2]: 
Stress equilibrium equations: 
   

q 0⋅∇ + =F
 ,   (1) 

 
where F  is the stress tensor, ∇  is the Hamilton operator, q  is the body force vector 
per volume unit and ⋅  is the sign of scalar product. 
Kinematical (strain-displacement) equations:  

( )1= u + u
2

∇ ∇A  
  ,   (2) 

where A  is the strain tensor, u  is the displacement vector and   is the sign of exterior 
(or outer) product. 
Constitutive equations (material law)   

I
E 1= + A

1+ν 1-2ν
 
 
 

F A E ,  (3a) 

where E is Young’s modulus, ν  is the Poisson’s ratio, IA  is the first strain invariant 
and E  is the unit tensor. The above (3a) Hooke’s law is valid only in case of isotropic 
linear elasticity. The (3a) tensor equation can also be written in a matrix form: 
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,   (3b) 

 
where ε  and γ  are normal and shear strain components of strain tensor A  and σ  and 
τ  are normal and shear stress components of stress tensor F . 
In anisotropic linear elasticity the most frequent case is the orthotropic material 
behavior. An orthotropic material can be characterized by three Young’s moduli 1E , 

2E , 3E , by three of Young’s moduli independent shear moduli 12G , 23G , 13G  and by 
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Poisson’s ratios 12ν , 23ν , 13ν , 21ν , 32ν , 31ν . But the Poisson’s ratios depend on each 

other because of energetic reasons: 12 21

2 1

ν ν
E E

= , 13 31

3 1

ν ν
E E

=  and 23 32

3 2

ν ν
E E

= , i.e. the 

material matrix is symmetric 
Hooke’s law for orthotropic material are as follows: 
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.  (3c) 

Kinematical boundary condition at uA  surface part of body: 

u
0A

u = u  ,  (4) 

 
where 0u  are given displacements. 
Dynamical boundary conditions at pA  surface part of body: 
 

p
0A

n = p⋅F   , (5) 

where n  is the outer normal unit vector of pA  surface and 0p  are given forces 
distributed on the pA  surface. 
The equations (1)-(5) describes a boundary value problem of elasticity and provide 
theoretically the solution for the unknown u , A  and F  fields. 
In complex shaped parts and arbitrary loading and kinematical boundary conditions 
there is no exact solution that fulfills every equation. So one has to introduce 
simplifications and assumptions for the real problem i.e. has to model the real problem. 
From the point of view of the investigation we retain in a modeling process the most 
important and essential properties of body or behavior of process and other properties or 
behavior will be neglected . In the field of mechanics of materials there are both 
classical and numerical opportunities for modeling an engineering problem. 
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2. Mechanical modeling 

2.1. Classical models in mechanics of materials 
In the classical models of mechanics of materials the set of governing equations of 
elasticity simplifies essentially by application of geometrical and kinematical / stress 
assumptions. For these simplified equations one can already find exact or well 
approximate solutions. The most important and common models of mechanics of 
materials are the following: 

• 1D Axial structures (bars, rods, trusses, links etc.). The model of real structure is 
in this case a 1D (one dimensional) geometrical entity i.e. the centroid line of part. 
The quantities describing the mechanical behavior are bonded to this line. 
Solutions for axial structures problems are provided by different bending 
(Bernoulli, Timoshenko, etc.), torsion, etc. theories only in simple cases [2]. 

• 2D models: plane strain, plane stress and rotationally symmetric parts subjected 
to axial symmetric loading. At plane strain problems the deformation occurs in a 
certain plane. Plane stress problems are in plane loaded plates. In axial symmetric 
problems the deformation occurs in the meridian plane of part. All three problems 
can be described by two basic variables that are functions of the same two space 
coordinates. For plane strain and plane stress problems the stress function method 
provides classical solutions for geometrically simple cases [2]. 

• Plate and shell models. Plates and shells are parts or bodies where it is possible to 
define a middle plane or middle surface. Every quantity describing the mechanical 
behavior is bonded to this plane/surface. For managing such structures different 
plate and shell bending theories (Kirchhoff-Love, Reissner-Mindlin, etc.) and shell 
membrane theories were developed. Using these theories it is possible to construct 
solutions for more simple cases such as circular and rectangular plates or 
cylindrical and spherical shells [8]. 

Using classical models and solutions of mechanics of materials for engineering 
problems one will usually encounter great, mainly mathematical difficulties. In axial 
structures it is very difficult to manage spatial structures with more hundreds or 
thousands of parts (bars, beams) with classical methods. In this area a special problem is 
the handling of the statically indetermination. 
In 2D, plate and shell models one can find mathematically very complicated classical 
solutions that can manage only quite simple problems from an engineering point of 
view. 
To overcome these difficulties the engineers usually use numerical methods to get 
approximate solutions for real engineering problems. 

2.2. Finite element modeling tools 
The finite element method (FEM) is one of the most efficient procedures for solving 
engineering problems in the field of mechanics of materials [1]. In this field a lot of 
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reliable general purpose FEM codes are available for engineers that provide further 
modeling tools for solving real problems. By using FEM it is possible to manage both 
very complicated 3D real problems and every above classical problem of the mechanics 
of materials. The application of classical models results in a substantial decrease in the 
amount of computations. Beside this the FE method offers further modeling possibilities 
that also decrease the computational amount or leads to a more accurate approximation 
of a real problem. In the following the four most useful FEM modeling tools for 
machine design will be shown: 
• Symmetry conditions (consideration of an axis of symmetry in plane/2D case and a 

plane of symmetry in spatial/3D case). Consideration of symmetry conditions is 
possible in case a structure has a symmetry axis or plane both in the sense of 
geometry and loading. In this case the half of the structure can be neglected and so 
the FEM mesh has to be set up for only half of the structure. This procedure 
reduces the number of unknown variables about on the half. On symmetry axis/plan 
it is necessary to constrain by kinematical boundary condition (4) that the nodes 
cannot leave the axis/plane. Naturally they can have arbitrary displacement along 
the axis or in the plane. 

• Sector symmetrical conditions. A structure is sector symmetrical, if it has periodic 
parts in sense of geometry and loading. In such a structure the periodic parts can be 
assigned in several different ways (Figure 2.1). FEM allows modeling the structure 
by only one sector or periodic part of the whole body that causes a huge reduction 
in the number of unknown variables. The inner dashed lines/surfaces of a sector are 
constrained to have the same deformation. The fulfillment of this condition can be 
reached by signing node couples that have the same displacements. 

 
Figure 2. Sector symmetrical structure 

• Eccentric connections. In machine structures it is a common solution to stiffen a 
thin wall by a beam of a given e.g. U cross section (Figure 3a). Often it can also 
happen that a wall thickness changes very quickly or by leaps and bounds (Figure 
3b). In the first 3a case the centroid line does not coincide with the middle plane of 
wall and in the other 3b case the middle planes of plates of different thickness does 
not coincide with each other. FEM allows a rigid connection of these eccentric 
entities. 
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Figure 3. Sample eccentric connections 
 

• Continuous elastic support. Different elastic machine parts are usually connected to 
each other by a surface contact. If one of the parts can be considered as a rigid 
body, then this connection can be modeled by a rigid support or a zero kinematical 
boundary condition (4), or by given distributed surface forces (5). But if both parts 
are elastic, the influence of the other part can be modeled using FEM with a 
continuous elastic support, that is using a continuously distributed spring system 
(Figure 4). Classical solutions for elastic supported parts exist only in a limited 
field of beam and plate problems. By using FEM the application of elastic supports 
can be extended for both other classical models and the general 3D case of 
problems of mechanics of materials. 
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Figure 4. Continuous elastic support 
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3. Industrial applications 

3.1. Machine parts of isotropic materials 
3.1.1. Bending plate of a bending-off press 

         
                           (a)                                                               (b) 

Figure 5. Bending-off press and the model of its bending plate 
From the point of view of metal forming the most important part of a bending-off press 
(Figure 5a) is the bending plate. This machine part is an in-plane loaded plate with holes 
and stiffening ribs. Because of the stiffeners this part can not be modeled as a simple 
plane stress problem but as a general shell problem. The reason is that the in-plane 
loaded plate obtains a bending influence from the stiffeners. The FEM model consists of 
general shell elements and it is advantageous to consider the axial symmetric behavior 
of the part (Figure 5b). 
 

3.1.2. Steam condenser of a power station 

 
The investigated steam condenser of a power station [4] is a huge complex steel 
construction with about 10x7x7 m dimensions. This structure is actually a thin walled 
housing stiffened by ribs and eccentric welded beams fastened to the side walls. 
Furthermore, internal channels, internal vertical plates and a very strong internal 3D-
beam network are included in the structure (Figure 6). 
When modeling a structure one had to apply almost every classical model of mechanics 
of materials: beams, bars, shells, etc. and further FEM based modeling tools such as 
symmetry condition and eccentric connections. Only by using above modeling tools can 
the number of unknown variables of FEM computation be kept under a considerable 
level. 
The mechanical model (Figure 7) considers the double plane symmetry of structure. 
Figure 7a shows the parts of the condenser modeled by shell elements and Figure 7b 
demonstrates the internal beam network. 
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Figure 6. Draft of steam condenser 

 

                     
(a)                                      (b) 

Figure 7. FEM model of steam condenser 
 

3.1.3. Impeller of a Pelton water turbine 

The impeller of a Pelton water turbine (Figure 8a) is built up of periodic parts that 
consist of a bucket and the proper part of the running wheel. This very complex 
structure can be modeled well only with 3D finite elements [3]. Using the plane 
symmetry of the running wheel as well we can get the FEM computational model of the 
structure (Figure 8b). This model can be considered both a sector symmetric and a 
continuously elastic supported model. Computational results that origin from the above 
models are very close to each other. 
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                          (a)                                                                    (b) 

Figure 8. Impeller of water turbine and its FEM model 
 

3.2. Machine parts of orthotropic materials 
 
The weight reduction of machine parts is considered an important task in machine 
design. The usual way for achieving weight reduction is to replace metallic materials 
with fiber reinforced plastics (FRP) having similarly good stiffness and strength 
properties as metals. But the material behavior of FRP cannot be considered as an 
isotropic material. 
FRP have inhomogeneous character as they are made of fibers having high strength and 
stiffness which are embedded in soft matrix material (e.g. in epoxy resin). Thus, the 
material properties of these materials essentially differ at certain points. The mechanical 
properties of FRP also depend on the direction of fibers, i.e. they are anisotropic. 
According to literature [7], [8] and to our own experience [5] the mechanical properties 
of these materials can be described in a macroscopic sense as homogeneous anisotropic 
materials. Macroscopic sense means that the material law is not valid in one point of the 
material, but in a certain area of the material which already contains the necessary 
number of fibers. In case of unidirectional (UD) fiber reinforcement (Figure 12a) and of 
plain weave fabrics (Figure 12b) the application of (12a) orthotropic material law 
delivers a good approximation for material behavior. 
 

3.2.1 Preliminary gear study 
 

As a preliminary analysis for production of composite gears we determined the 
mechanical behavior of two cylindrical rollers that were pressed to each other by force F 
(Figure 9). Both rollers consist of two parts: an inner metallic or in plane laminated core 
and an outer in tangential direction unidirectional (UD) reinfor-ced ring [6]. 
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Figure 9. Contact problem of UD fiber reinforced rollers 
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(a)  (b) 
Figure 10. The mechanical model and its FE mesh 

Using double symmetry, the computational mechanical model can be obtained: a half 
cylindrical roller pressed against a rigid support plane with the load of F/2. In order to 
avoid stress concentration at the acting point of the F force, an equivalent distributed 
loading of f=F/(2a) was applied (Figure 10a). 

The FE mesh must be much denser in the contact zone where high stress gradients are 
expected. In the quadrilateral elements applied to the FRP ring the principal material 
direction that are parallel and perpendicular respectively to the fiber direction were 
determined by the local nodal numbering of elements. The fulfillment of the symmetry 
conditions along the x axis was achieved by simple support at every node on the axis. 
For modeling the rigid plane support by a FE mesh stripe, a fixed hinge support is 
applied to the nodes of the roller’s side line of the stripe. 
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 (b) 
Figure 11. Maximum stresses at metal cores 

Figure 11 shows the maximum values of stress components as function of rt  radial 
thickness of the ring. For metal cores, an “optimal radial thickness area” of the UD 
reinforced ring was found in that every stress components has a low value. 

 

3.2.2. Modeling of textile composites 

 
In machine parts of composite materials the long fibers run in more layers. In addition, 
they run in different directions per layer. The layer in which fibers are running parallel 
to each other is called unidirectional (UD) layer (Figure 12a). It is also usual to apply 
layers with woven patterns, called fabric or textile composite materials (Figure 12b). 
The main goal of the investigation was to prove that the applied measurement based 
linear orthotropic material modeling describes accurately enough the mechanical 
behavior of multilayered plain weave fabric composite parts from an engineering point 
of view [5]. 
The measurements and FEM computations were carried out for four layered parts made 
of fiber dominant FRP. The preimpregnated basic material had a matrix material 
volume proportion of 32%. The characteristic of the material was the following: 80% / 
20% long / cross fiber orientation proportion, glass fiber reinforcement and epoxy 
matrix. The computation was performed by on one layer measured material properties, 
and two gauges were applied to the four layered specimen at the measurement (Figure 
13). 
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(a)                                            (b) 

Figure 12. Unidirectional and plain weave layer 
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Figure 13. Location of gauges on the four layered bended part 

FEM computational and gauges measured results showed a close agreement and so it 
succeeded to confirm the applicability of orthotropic material law. 

 
Conclusions 
Involving classical models of mechanics of materials the finite element method offers a 
lot of further modeling tools for solving engineering problems in the field of machine 
design. The paper summarizes the classical models and the most useful FE models of 
mechanics of materials and demonstrates by industrial application examples the wide 
range of applicability of modeling and that how it is possible to decrease the numerical 
computational amount by using FEM. 
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